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Abstract

We study the billiard map associated with both the finite and infinite horizon Lorentz gases
having smooth scatterers with strictly positive curvature. We introduce generalized function
spaces (Banach spaces of distributions) on which the transfer operator is quasi-compact. The
mixing properties of the billiard map then imply the existence of a spectral gap and related
statistical properties such as exponential decay of correlations and the central limit theorem.
Finer statistical properties of the map such as the identification of Ruelle resonances, large
deviation estimates and an almost-sure invariance principle follow immediately once the spectral
picture is established.

1 Introduction

Much attention has been given in recent years to developing a framework to study directly the
transfer operator associated with hyperbolic maps on an appropriate Banach space. The goal of
such a functional analytic approach is first to use the smoothing properties of the transfer operator
to prove its quasi-compactness and then to derive statistical information about the map from the
peripheral spectrum. For expositions of this subject, see [B1l, [HH, [L1].

The link between the transfer operator and the statistical properties of the map traces back to
classical results regarding Markov chains [DEL IM| IN|. In the context of deterministic systems, this
approach was first adapted to overcome the problem of discontinuities for expanding maps by using
the smoothing effect of the transfer operator on functions of bounded variation [LY], Kl S, [Bul, [TT),
T2, BK]. Its extension to hyperbolic maps followed, using simultaneously the smoothing properties
of the transfer operator in unstable directions and the contraction present in the stable directions:
first to Anosov diffeomorphisms [R1) [R2, [R3l, BKT. B2, BT, IGL] and more recently to piecewise
hyperbolic maps [DL, BGI1, BG2]. Two crucial assumptions in the treatment of the piecewise
hyperbolic case in two dimensions have been: (1) the map has a finite number of singularity curves
and (2) the map admits a smooth extension up to the closure of each of its domains of definition.
These assumptions and other technical difficulties have thus far prevented this approach from being
successfully carried out for dispersing billiards.

In this paper, we apply the functional analytic approach to the billiard map associated with both
a finite and infinite horizon Lorentz gas having smooth scatterers with strictly positive curvature.
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We introduce generalized function spaces (Banach spaces of distributions) on which the transfer
operator is quasi-compact. The mixing properties of the billiard map then imply the existence of
a spectral gap, the exponential decay of correlations and finer statistical properties such as Ruelle
resonances. Many limit theorems such as local large deviation estimates, a central limit theorem,
and an almost sure invariance principle for both invariant and non-invariant measures also follow
immediately once the spectral picture is established.

Although the exponential decay of correlations and many limit theorems are already known for
such classes of billiards [Yl [Chll RY], MN2], the present approach provides a unified and greatly
simplified framework in which to achieve these results and completely bypasses previous methods
which relied on constructing countable Markov partitions [BSCI, BSC2], Markov extensions [Y],
Chll [CY], or magnets for coupling arguments [Ch2], all of which require a deep understanding of
the regularity properties of the foliations. Indeed, we avoid entirely the need to work with the
holonomy map matching unstable curves along real stable manifolds, which is a major technical
difficulty present in each of the previous approaches.

In addition, the current functional analytic framework allows immediate extensions of well-
known limit theorems to non-invariant measures. For example, we prove in Theorem that our
large deviation rate function is independent of the probability measure in our Banach space with
which we measure the asymptotic deviations (see Section [2.4). Although the limit theorems with
respect to invariant measures presented in Theorem are already known for this class of billiards,
the extensions to non-invariant measures constitute new results, with the partial exception of [D],
which dealt with large deviations only. Finally, the spectral picture obtained via the method in this
paper has been shown to be robust under a wide variety of perturbations in a number of settings
[BY, IKL|] (see also the treatment of perturbations using norms similar to those in this paper in
[DL]), and it is expected that the present framework will allow the unified treatment of large classes
of perturbations in a way previously unattainable for billiards.

The paper is organized as follows. In Section 2, we define the Banach spaces on which we will
study the transfer operator and state our main results. The norms we define follow closely those
introduced in [DL], with the addition of an extra weighting factor to counteract the blow-up of the
Jacobian of the map near singularities. In order to control distortion, we introduce additional cuts
at the boundaries of homogeneity strips which implies that our expanded singularity sets comprise
a countably infinite number of curves in both the finite and infinite horizon cases. In Section 3, we
prove the necessary growth lemmas to control the cutting generated by the expanded singularity
sets and prove preliminary properties of our Banach spaces including embeddings and compactness.
Section 4 contains the required Lasota-Yorke inequalities and in Section 5 we characterize the
peripheral spectrum and prove some related statistical properties. Section 6 contains the proofs of
the limit theorems mentioned above.

2 Setting, Definitions and Results

2.1 Billiard maps associated with a Lorentz gas

We define here the class of maps to which our results apply and take the opportunity to establish
some notation. Let {Fi}glzl be pairwise disjoint, simply connected convex regions in T? having
C3 boundary curves OI'; with strictly positive curvature. We consider the billiard flow on the
table Q = T2\ Ui{interior I';} induced by a particle traveling at unit speed and undergoing elastic
collisions at the boundaries. The phase space for the billiard flow is M = Q x S'/ ~ with the
conventional identifications at the boundaries. Define M = U;0T"; x [—7/2,7/2]. The billiard map
T : M — M is the Poincaré map corresponding to collisions with the scatterers. We will denote



coordinates on M by (r,¢), where r € U;01; is parametrized by arclength and ¢ is the angle that
the unit tangent vector at r makes with the normal pointing into the domain Q. T preserves a
probability measure p defined by du = ccos pdr de on M, where ¢ is the normalizing constant.

For any =z = (r,) € M, we denote by 7(x) the time of the first (non-tangential) collision
of the trajectory starting at x under the billiard flow. The billiard map T is defined whenever
7(x) < 0o and is known to be uniformly hyperbolic, although its derivative DT becomes infinite
near singularities (see for example [CM, Chapter 4]). We say T has finite horizon if there is an
upper bound on the function 7. Otherwise, we say 1" has infinite horizon.

2.2 Transfer Operator

We define scales of spaces using a set of admissible curves W?* (defined in Section on which we
define the action of the transfer operator £ associated with T'. Such curves are homogeneous stable
curves whose length is smaller than some fixed dy. Define T7"W?* to be the set of homogeneous
stable curves W such that 7" is smooth on W and T'W € W for 0 < i < n. It follows from the
definition that T—"W?® C W?.

We denote (normalized) Lebesgue measure on M by m, i.e., dm = cdrdp. For W € T™" W5 a
complex-valued test function ¢ : M — C and 0 < p < 1, define H}}, () to be the Holder constant of
¥ on W with exponent p measured in the Euclidean metric. Define Hp (1) = supy er—nyys Hyy (1)
and let CP(T~"W?*) = {¢p : M — C | || + HE(¢)) < oo}, denote the set of complex-valued
functions which are Holder continuous on elements of T-™W?. The set CP(T~"W?*) equipped with
the norm [Y]ep(p-nyysy = [Y]oo + Hi (1) is a Banach space. We define CP(T~"W?) to be the closure
of CH(T~"W?) in CP(T~"W?*). Similarly, we define C?(T™W") and C?(T™W") for each n > 0, the
set of functions which are Holder continuous with exponent p on unstable curves in T"W", defined
in Section [3.11

It follows from that if ¢ € CP(T~("=DW*), then ¢ o T € CP(T~"W?). Similarly, if
€ e CHT~ (DWW then £ o T € CH(T "W). These two facts together imply that if ¢ €
CP(T~(=DWs), then o o T € CP(T~ "W).

If h € (CP(T~™W?)), is an element of the dual of CP(T~"W?), then L : (CP(T"W?)) —
(cP(T~(=DW9)) acts on h by

Lh(y) = h(poT) Ve € (T~ Dw?).

If h € LY(M,m), then h is canonically identified with a signed measure absolutely continuous
with respect to Lebesgue, which we shall also call h, i.e.,

nw) = [ whdm.

With the above identification, we write L'(M,m) C (CP(T~"W?))’ for each n € N. Then restricted
to LY(M,m), £ acts according to the familiar expression

L =hoT™ ™ ‘DT”(T_R)’_I

for any n > 0 and any h € L'(M,m), where |DT"| denotes |det DT™| to simplify notation.

2.3 Definition of the Norms

The norms we introduce below are defined via integration on the set of admissible stable curves
W?# referred to in Section . In Section we define precisely the notion of a distance dyys (-, -)
between such curves as well as a distance dg(-, -) defined among functions supported on these curves.



The motivation for these norms is the following: We expect the action of the transfer operator
to increase regularity in the unstable direction and to decrease regularity in the stable direction, so
we integrate along stable curves in order to average the action of the transfer operator in the stable
direction. The unstable norm || - ||, morally measures a Holder constant in the unstable direction
by comparing the norms of an element of B on two stable curves lying close together. The weights
cos W assigned to the test functions are introduced to counteract the blowup of the Jacobian near
singularities; they also help us sum over homogeneity strips as in the proof of Lemma [3.9, The
weight « in || - ||s is important for the proof of compactness (see Lemma as well as the
Lasota-Yorke estimate for | - ||, (see Section [4.3).

Given a curve W € W9, we denote by my the unnormalized Lebesgue (arclength) measure
on W. We set |W| = mpy(W). We also denote the Euclidean metric on W by dw(-,-). With
a slight abuse of notation, we define cos W to be the average value of cosp on W € W4 i.e.
cos W = [W|[™! [}, cos p dmyy.

For 0 < p < 1, denote by CP (W) the set of continuous complex-valued functions on W with
Holder exponent p, measured in the Euclidean metric. We then denote by CP(W) the closure of
C'(W) in the C~p—nor [lerwy = 1lcoqwy + Hyy (¥), where Hyj,(¢) is the Holder constant of ¥
along W. Notice that with this definition, [192|crw) < |¥1]cr ) [¥2]cr(w)- We define CP(M) and
CP(M) similarly.

For a > 0, define the following norms for test functions,

[Vlwap = [WI[* - cosW - |¢|CP(W)-
Now fix 0 < p < 1/3. Given a function h € C1(M), define the weak norm of h by
|h|w := sup  sup / hy dmyy . (2.1)
w

WeEWs ypeCh (W)
|'¢)|W,O,p§1

Chooseﬂ a, B, ¢ > 0 such that « < 1/6, ¢ < p and 8 < min{a,p — q}. We define the strong stable
norm of h as

Ilh|ls == sup  sup / hip dmyy, (2.2)
Wews pect(w) Jw
|w‘W,o¢,q§1

and the strong unstable norm as

: (2.3)

1
|1~ := sup sup sup 5 ‘/ hiy dmyy — hiy dmyy
e<eo Wi ,WaeWws Y, ECP(W;) € Wi Wa
dyys (W1, Wa)<e |i;|w, 0,p<1

dg(1,2p2)<e

where €9 > 0 is chosen less than §p, the maximum length of W € W?* which is determined after
(13.2). We then define the strong norm of h by

1Blls = [[Plls + bllAllu,

where b is a small constant chosen in Section 2.4l

We define B to be the completion of C}(M) in the strong norm and ,, to be the completion of
CY(M) in the weak norm. In Section 4] we will actually apply these norms to functions of the form
Lh where h € C1(M). The fact that Lh € B when h € C*(M) is established in Lemma

'Note that for p < 1, while C?(W) may not contain all of C?(W), it does contain C”/(W) for all p’ > p.

2The restrictions on the constants are placed according to the dynamical properties of T. For example, p < 1 /3
due to the distortion estimate while o < 1/6 so that Lemma can be applied with ¢ =1 — a > 5/6. In the
finite horizon case, o < 1/2 suffices.



2.4 Statement of Results

We assume throughout that 7' is the billiard map associated to a finite or infinite horizon Lorentz
gas as described in Section 2.1
The first result gives a more concrete description of the above abstract spaces.

Lemma 2.1. For v > 28 and each n > 0, CY(M) — B < By, < (CP(T~"W?))’, each of the
embeddings is continuous and the first two are injective. Moreover, L is well defined as an operator
on both B and B,,.

Proof. The continuity of the embeddings follows from the fact that ||h|z < C|h|cv(ar) by
in the proof of Lemma that |- |» < || - |8 by definition, and Lemma [3.9] which implies that
|h(1)| < Clhlw|]er(r-nyysy for all h € By, and any ¢ € CP(T~"W?).

The injectivity of the first embedding is immediate while that of the second follows from the
fact that our test functions for || - ||s are in C¢(M) rather than C9(M). Finally, the fact that £ is
well defined on B follows from Lemma [3.8, The proof that £ is well defined on B, is similar and
is omitted. O

Remark 2.2. In fact, one could make the embedding B, — (CP(T~"W?*))" injective by using
test functions ¢ in the weak norm satisfying |t|co ) |W|* cos W < 1, with the requirements that
p<a<aand f < a—a. We do not do this since we do not need the injectivity of this
embedding for any of the results of our paper. Also the modification would complicate the Lasota-

Yorke inequalities slightly and would reduce our best estimate on the essential spectral radius to be
A=Y"2 (see Remark .

The following inequalities are proven in Section

Proposition 2.3. Let A > 1 be the minimum expansion from (2.8) and let 51 > 0, 1 < 1 be
constants defined by (3.3). There exists C > 0 such that for all h € B and n > 0,

1L7hly < Clhly (2.4)
1L, < COF " + A)[|h|ls + C8; %Al .
L"), < CnPAB|hll, + CC RS, (2.6)

where Cp > 0 is from Lemma

If we choose 1 > o > max{A 5, Qi_a, A~%}, then there exists N > 0 such that

N
o —Q
1Y hlls = LV Al + 0 L7 Rl < 5 lIhlls + €67 hlw + bo ™ [|All + bCCY || @7)

< o™l + Cs, lhlw,

provided b is chosen small enough with respect to N. The above represents the traditional Lasota-
Yorke inequality.

The final ingredient in the strategy to prove the quasi-compactness of the operator L is the
relative compactness of the unit ball of B in B,,. This is proven in Lemma It thus follows by
standard arguments (see [B1, [HH]) that the essential spectral radius of £ on B is bounded by o,
while the estimate for the spectral radius is one.

Remark 2.4. Since by (3.3]) we choose 6; < A~Y2 and given the constraints among 8, a and q,
our best estimate on the essential spectral radius is A~/6.



With these estimates on the spectral radius and essential spectral radius of £, we next prove
the spectral decomposition of the transfer operator in Section Those results and the resulting
information about the statistical properties of T are summarized in the following theorem. We
denote by Il the projection onto the eigenspace of L corresponding to the eigenvalue 1.

Theorem 2.5. The peripheral spectrum of L on B consists of a simple eigenvalue at 1. The
unique (normalized) eigenvector corresponding to 1 is the smooth invariant measure dy = pdm,
where p = ccos p and c is a normalizing constant. In addition:

1. For any probability measure v € B, we have lim, o ||L"v — p|lg = 0 and this convergence
occurs at an exponential rate given by o’ := the spectral radius of L — Iy on B, o’ < 1.

2. (T, ) exhibits exponential decay of correlations for Holder observables. More precisely, for
peCV(M), v> 208, and 1p € CP(W?), we have

’ / g o T dji — / b dy / wdu‘ < C(0)"dlean [Plere).
M

3. More generally, the Fourier transform of the correlation function (sometimes called the power
spectrum) admits a meromorphic extension in the annulus {z € C ; o < |z| < 0~} and the
poles (Ruelle resonances) correspond exactly to the eigenvalues of L, where o is from .

Item (1) is proved in Section [5.1| while items (2) and (3) are proved in Section

2.4.1 Limits theorems for billiards

Once the spectral picture described above has been established, a variety of limit theorems become
immediately accessible, testifying to the concise nature of the present approach. Such limit theorems
have been the subject of many recent studies and we refer the interested reader to the following
partial list [HH, MNT1) ICGl RY] [G].

We state several limit theorems here and show how they follow from our functional analytic
framework in Section [} Although these limit theorems with respect to invariant measures are
known for this class of billiards, their extension to non-invariant probability measures is a new
result, with the exception of [D]. Throughout this section, g denotes a real-valued function in
CY(M), where v = max{p, 2 + ¢} for some ¢ > 0, and S,,g = Z?’:—& goTJ.

Large deviation estimates. Large deviation estimates provide exponential bounds on the rate of
convergence of %Sng to p(g). They typically take the form

e—~>0n—o0

1 1
lim lim logu(xEM: ng(z) € [t—e,t—i—e}) =—1(t),
n n

where I(t) > 0 is called the rate function. More generally, one can ask about the above limit when
1 is replaced by a non-invariant measure, for example Lebesgue measure. In the present context,

we prove a large deviation estimate for all probability measures in B with the same rate function
I.

Central Limit Theorem. Assume p(g) = 0 and let (g o 7%) ey be a sequence of random variables
on the probability space (M, v), where v is a (not necessarily invariant) probability measure on the
Boreal o-algebra. We say that the triple (g, T, v) satisfies a Central Limit Theorem if there exists

a constant ¢2 > 0 such that

B w(0.62),

R
&

S



where N (0, §2) denotes the normal distribution with mean 0 and variance ¢2.

Almost-sure Invariance Principle. Assume again that p(g) = 0 and as above distribute (g o T7) jEN

according to a probability measure v. Suppose there exists ¢ > 0, a probability space 2 with a

sequence of random variables { X, } satisfying S, g dist. X, and a Brownian motion W with variance

¢2 > 0 such that
X, = W(n)+0(n'?7%) as n — oo almost-surely in €.

Then we say that the process (g o T7) jeN satisfies an almost-sure invariance principle.

Theorem 2.6. Let v = max{p,20 + ¢}, for some e > 0. If g € C'(M), then

(a) g satisfies a large deviation estimate with uniform rate function I for all (not necessarily
invariant) probability measures v € B.

Assume that u(g) =0, let v € B be a probability measure and distribute (goT7) ey according to v.
Then,

(b) (g9,T,v) satisfies the Central Limit Theorem;
(c) the process (goT7)jen satisfies an almost-sure invariance principle.

The proof of this theorem appears in Section 6.

2.5 Known Facts about the Lorentz gas

Before exploring the properties of the Banach spaces we have defined, we recall some of the impor-
tant properties of dispersing billiards that we shall need and refer the reader to [BSCIL BSC2, [CM]
for details.

2.5.1 Hyperbolicity

Since we have assumed that the scatterers have strictly positive curvature K(x) at each x € M,
there exist constants Kuin, Kimax, Tmin Such that

0< ICIIliIl S IC(JZ') S IcmaX7 Tmin S T($)7 vV € M.

This allows us to define global stable and unstable cones as follows. Let (dr,dy) be an element of
the tangent space. Then

Tmin

1
Cu(x) = {(d?“, ng) S EM : Kmin < Z;’: < ’Cmax + } and

1§d£

Tmin dr

Cs(x) = {(d?", d@) € ToM : —Kpnax — < _Kmin}-

Note that the angle between C*(z) and C*(z) is uniformly bounded away from zero. The cones

also enjoy the following two properties.

(i) Strict invariance. DT,(C%(z)) C C*(Tz) and DT, (C*(z)) C C*(T~'z) whenever DT and
DT~ exist.



(ii) Uniform expansion. Let A =1 + 2KinTmin. There exists ¢ > 0 such that
|DT) (v)|| = ¢A™||v]|, Vv € C*(x), and DT, " (v)|| > ¢A"||v]|, Vv € C%(x), (2.8)

where || - || is the Euclidian norm. In addition, letting 7~ (r, ) = (r_1,¢_1), the expansion
factor for T~ in the stable cone satisfies for any = = (r, ),

71 DT ! T
C_l T( :L') S H T UH S CT< 1’)7 Yo € Cs(x),'l) 75 0’ (29)
cos 1 o] €OS 1

for some C' > 1 independent of x.

Note that the expansion may not be larger than 1 at the first iteration. We can always define a
norm || - ||«, uniformly equivalent to || - ||, as an adapted norm on the tangent bundle such that (see
[CM, Section 5.10])

IDTZ )]l = Aol Vo € C*(x),  and DT, "@)[. > Aol Vo € C2(a).  (2.10)

We say that a smooth curve W C M is a stable curve if at every point z € W, the tangent line
T:W belongs to the stable cone C*(z). We define unstable curves in the same way.

2.5.2 Singularities

The singularity curves of the billiard map 7' comprise two types of curves: discontinuity curves and
the boundaries of homogeneity strips.

We denote by Sy := {¢ = £7/2} the boundary of the collision space, which consists of all
grazing collisions. Then the map 7 lacks smoothness on the set S; := Sy U T 'Sy. In general,
denote

San = UL TTSy.

For eachn =1,2,3,..., themap 7™ : M\ S,, = M\ S_,, is a C? diffeomorphism on each connected
component. The time-reversibility of T implies that S_,, and §,, are symmetric about ¢ = 0 in M.
Moreover the set S, \ Sp is a union of compact smooth stable curves for n > 1 and unstable curves
for n < —1. The number of such curves is countable for billiards with infinite horizon and finite
otherwise.

Each smooth curve S C S, \ Sy terminates on a smooth curve in S,,. Furthermore, every curve
S C S, \ Sy is contained in one monotonically decreasing (or increasing for n < 0) continuous
curve which stretches all the way from ¢ = —7/2 to ¢ = /2. This property is often referred to as
continuation of singularity lines.

Next we describe briefly S_; for the infinite horizon case and refer to [BSCI) BSC2| for more
details. A point x € M is called an infinite-horizon point if the free path along its forward trajectory
is infinite, or there are infinitely many consecutive grazing collisions along the trajectory of . There
are only finitely many infinite-horizon points in M, denoted by I H := {x1,--- ,x,}. By symmetry,
it suffices to consider only singular curves in the upper part of M, ¢ > 0. In the vicinity of any
x; € TH, the set S_1 contains a long increasing curve s’ having x; as an endpoint. In addition
S_; also contains a sequence of short increasing curves {s,}, connecting s’ and Sy, approaching z;
at the speed of order O(1/n) along Sy and of order O(1/4/n) along s’. More precisely, for any n
large, let D,, be the cell that is bounded by sy, $Sp+1, 5", So. Then |s,| = O(1/y/n), as it is almost
parallel to s’. There exists a constant C' > 1 such that for any n > 1 and any point z € D,,, we
have C~1n < 7(z) < Cn.



In order to control distortion along stable curves, we define homogeneity strips, Hy, following
[BSCI]. We fix ky € N, where ko is chosen so that (3.2)) holds, and define for k > ko,

Hy = {(r,¢) : 7/2 -k 2 <p<n/2—(k+1)"?} and
Hop={(r¢) : =72+ (k+1)? <p<—m/2+k %},

We also put
Hy = {(r,¢) : —7r/2+k0_2 <p< 7T/2—k0_2}.

Denote by
St ={(r,¢) : |l = £r/2F k%) and So.ir = So U (U, S1).

In general, we set S, = U TFSp, i and call this the expanded singularity set for T*". We call
a stable or unstable curve homogeneous if it lies entirely in one of the homogeneity strips Hy.

3 Preliminary Estimates and Properties of the Banach Spaces

3.1 Family of Admissible Stable Curves

Due to our definition of the stable cones C*(x), each stable curve W can be viewed as the graph of a
function pw (r) of the arc length parameter r. For each stable curve W, let Iy denote the interval
on which ¢y is defined and set Gy (r) = (r, ow (1)) to be its graph so that W = {Gw (r) : v € Iy }.

We fix constants B > 0 and dg > 0, where dp is chosen small enough to satisfy the one-step

expansion (3.2). We call a homogeneous stable curve admissible if |W| < §p and ‘djlfg" < B. We

define W?* to be the set of admissible stable curves in M. It follows directly from the uniform
contraction of C*(z) under the action of T-! that if W € WS, then each (sufficiently short)
component of T-'W on which T is smooth is a homogeneous stable curve. It then follows from
[CM], Proposition 4.29] that each such smooth component is in W?* if B is chosen sufficiently large.

We define an analogous family of homogeneous unstable curves W% which lie in the unstable
cone C".

Let Wi, Wy € W? and identify them with the graphs Gyy, of their functions ¢w,, i = 1,2. Let
I; := Iw, be the r-interval on which each curve is defined and denote by ¢(I;Al) the length of
the symmetric difference between I; and I>. Let Hj, be the homogeneity strip containing W;. We
define the distance between W7 and W5 to be,

dyys (W1, Wa) = n(k1, k2) + (11D L) + [ow, — ewsler ()

where n(ki1, ko) = 0 if k1 = ko and n(k1, k2) = oo otherwise, i.e., we only compare curves which lie
in the same homogeneity strip.
Given two functions ¢; € C4(W;, C), we define the distance between 11, 15 as

dq(1h1,v2) = |1 0 Gwy — 2 0 G, lea(ryniy)-

We recall one final fact regarding distortion bounds for stable curves (see [CM, Lemma 5.27]).
Suppose that W € W# and that T'W € W for i = 0,1,...,n (i.e., each T*W is a homogeneous
stable curve with uniformly bounded curvature). Then there exists Cy > 0, independent of n and
W, such that for any x,y € W,

| In JwT™(z) — In JwT™(y)| < Cadw (z,y)"/3, (3.1)

where JywT"(z) = |det(DT}|T,W)| denotes the Jacobian of T™ along W and dyw(-,-) is the ar-
clength distance on W.




3.2 Growth Lemmas

In order to prove the characterization of our Banach spaces B and B,, given by Lemma [2.1] as well
as the estimates of Proposition we need some understanding of the properties of T~"W for
W € W#. In this section we prove some growth lemmas that we shall need in Section

One Step Ezxpansion. Let W be a homogeneous stable curve. We partition the connected compo-
nents of T7'W into maximal pieces V; such that each V; is a homogeneous stable curve in some
Hy. We choose kg large enough that the following estimate holds for both classes of billiards we
consider (see [CM| Lemma 5.56]):

: | T'Vil«

hr;rljg)lp VsVuE&; Vil <1, (3.2)
where |V;], is the length of V; in the metric induced by the adapted norm || - ||«. Now we choose dy
sufficiently small that for any homogeneous stable curve W with |W| < §p, the sum in is < 0,
for a fixed 0, < 1. In fact, by choosing dq sufficiently small and kg sufficiently large, one can choose
0, arbitrarily close to A=t [CM, eq. (5.39)]. From this point forward, we will consider 6y and kg to
be fixed by these relations. Note that this also fixes the distortion constant C; from . Next
we choose 01 < dp/2 sufficiently small that

91 = 9*605”51'1/3

< ATV2, (3.3)
To ensure that each component of T'W is in W?*, we subdivide any of the long pieces V; whose
length is > dp. This process is then iterated so that given W € W?*, we construct the components
of T~"W, which we call the n*" generation G, (W), inductively as follows. Let Go(W) = {W} and
suppose we have defined G,_1(W) C W*. First, for any W’ € G,,_1(W), we partition T-1W’ into
at most countably many pieces W/ so that T' is smooth on each W/ and each W/ is a homogeneous
stable curve. If any W/ have length greater than dp, we subdivide those pieces into pieces of length
between dp/2 and §y. We define G, (W) to be the collection of all pieces W* C T~"W obtained in
this way. Note that each W;* is in W?* since we chose B sufficiently large in the definition of W?.

At each iterate of T~!, typical short curves in G, (W) grow in size, but there exist a portion
of curves which are trapped in tiny Homogeneity strips and in the infinite horizon case, stay too
close to the infinite horizon points. Our first lemma shows that the proportion of curves (in a sense
made precise below) that never grow to a fixed length in G, (W) decays exponentially fast.

For W € W%, n>0,and 0 < k < n, let Gx(W) = {W}}; denote the k" generation pieces in
T-*W. Let By = {i: [WF| < 81} and Ly, = {i : |WF| > 61} denote the index of the short and long
elements of Gy, (W), respectively. We consider {Gy}}_, as a tree with W as its root and Gy, as the
Eth level.

At level n, we group the pieces as follows. Let W € G, (W) and let W]k € Lj denote the most
recent long “ancestor” of W, i.e. k = max{0 < ¢ <n: T”_Z(Wi’é) C Wf and j € Ly}. If no such
ancestor exists, set £k = 0 and Wf = W. Note that if W{é is long, then Wf = W{é. Let

In(Wf ) ={i: VVf € Ly, is the most recent long ancestor of W;"}.

When k = 0, the set Z,, (W) represents those curves W € G,,(W) such that T*W belongs to a
short curve in G,,_¢(W) for each 0 < ¢ <n — 1.

Lemma 3.1. Let W € W? and for n > 0, let Z,,(W) be defined as above. There exists C > 0,
independent of W, such that for any n > 0,

T W
E — <O}
i€T, (W) wrl '

10



Proof. We define a function

TnI/Vin .
i€ (W) ol

We will show that for any admissible curve W, the function Z,, (W) decays exponentially as n
goes to infinity. Then, since || - ||« is uniformly equivalent to || - ||, the lemma follows.
We prove by induction on n € N that for any W € W?*, the following formula holds:

Z (W) < 079, (3.5)

Note that at each iterate between 1 and n, every piece W, i € Z,,(W), is created by genuine
cuts due to singularities and homogeneity strips and not by any artificial subdivisions, since those
are only made when a piece has grown to length greater than dy and §; was chosen < §y/2. Thus
we may apply the one-step expansion (3.2)) to conclude,

Z(W) <4,. (3.6)

Assume that (3.5 is proved for some n > 1 and all W € W3. We apply it to each component
W' € Gi1(W) such that i € Z;(W). Then by assumption, Z,(W;') < 67716,, since W, € W?.

We group the components of W' € G, 11(W) with i € Z,,.1(W) according to elements with
index in Z; (W). More precisely, let A7 denote those indices of W™ such that T"W"** ¢ W},
k € Ty(W). It follows from (3.1) that for any Wk}, the maximum distortion of 71" is bounded by

1
eCadWil3 | Thus . .
THWI o W
|ann+1| — |W1‘ :

Combining this and (3.6 with the inductive hypothesis, we get

n+1 n+1 1 nyrrn+1 T 1
Zean)= S S e < 5 ot | 32 Bt ) ke
ke, (W) icA} W ‘ k€T (W) i€EAR Wi ‘* ’ k |*

1
= Y CaWilt z Wk |TWf’* 67 710,Cn” Lz, ()
keTy (W) Wil
1

IN

ono,.

O]

Our next lemma allows us to iterate the control given by the one-step expansion (3.2)) over
pieces in G, (W).

Lemma 3.2. There exists Cs > 0, depending only on 01, such that for any W € W?3 and any
n >0,
mn n
3 "W <c..
Wi
WnEG, (W) ¢

Proof. Fix W € W* and n > 0. For any 1 < k < n, since T" is smooth on each Wf € Gi(W), the
bounded distortion (3.I)) implies that if 7"~*W C WF, then

kyprk
T"WE _ cusy)? W7

3.7
[ Tn=kWp| ‘ |Wf| (37
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Now grouping W* € G, (W) by most recent long ancestor as described before the statement of

Lemma and using , we have
T W ]T"W"
IR WD VDS

k= Owkegk(w ) i€Zn( Wk

n—1 _ kyi/k
D DI N D el UL
(Wi W}

LwkeL,(W) \i€Zn(W))

W
> S

1€, (W)

b
Il

where we have split off the sum for £ = 0. Note that In(ij) and In_k(Wf) correspond to the

same set of short pieces in the (n — k)th generation of Wf , so we can apply Lemma to each of
these sums separately. Thus,

n—1 k
W2 w
Z| V[EZ <Y Y ol W cny
| k= 1W’<eLk(W) |W |

< C67 12 S orHTEWE 4+ cor < ca;ﬂmrierhce?,
k=1WwkeLy(W) k=1
which is uniformly bounded in n. O
The following lemma is a straight-forward consequence of Lemma
Lemma 3.3. Let W € W*® and 0 < ¢ < 1. Then for any n > 0,

Wing TnWln
3 Wi |

: <cl.
(Wi [w

WreG, (W)

Proof. Multiplying by |W|/|W|, we write,

. < C §
Z ’qu \W” Z \W"|1 S W]
by Jensen’s inequality since ), \T”Wi”HW\*l =1. O

Our final result of this section concerns an extension of these results when the expansion on
each piece is weakened by an exponent < 1.

Lemma 3.4. Let ¢ > 5/6. There exists a constant C1 = C1(d0,s) > 0 such that for any W € W?*
and n >0,

T"Wi' _
Z [Wns =CY
W EGn (W) v

In the case of the finite horizon Lorentz gas, it suffices to take ¢ > 1/2.

Proof. The proof relies on the following version of the one step expansion (3.2)) for the exponent g.

12



Sublemma 3.5. Let ¢ > 5/6. Then there exists C = C(dp,<) > 0 such that for any W € W?,

LS
> Vi ¢ (3.8)

where the V;’s are the maximal homogeneous components of T~YW . In the case of the finite horizon
Lorentz gas, it suffices to take ¢ > 1/2.

Before proving the sublemma, we use it to prove the following estimate by induction on n:

‘TnWinF —n,m 2n
Z W S 50 C c .
WG, (W) i
where ¢ = 5“4 and C' = C(dp,s) > 0 is from (3.8)).
For n = 1: Recall that the Wi1 € G1(W) are obtained by subdividing the maximal homogeneous

components V; of T-'W of length > &y. Since T is smooth with bounded distortion on each V;
and the number of W/ in each Vj is at most 1/dg, we have by Sublemma

T 1| TV ¢
Z| Wl —Z ch50—1’ Vil <5lce.
j

(Wi Vil
Assume at the n-th iteration, for all W € W?#, we have
TannF —n,om 2n
WreGn(W) !

We group the elements W' € G, 1(W) according to their ancestors (long or short) W} € G1(W).
More precisely, define Ay, = {i : T"W"** € W}'}. Then G, 11 (W) = Up>1Gn (W}) 1= U1 {1
i € A}. Applying (3.9) to each family G,(W}), we obtain

‘Tn+lwn+1|g |Tn+1Wn+1’§
i _

Z ’Wn+1‘g - Z Z n+1‘g
Wt eG, 11 (W) g WieG (W) icAy

© ¥y eallW T
 Wieg (W) icAy (Wit Wl

1|6
—n,m 2n+1 [ TW, [ (n+1) sm+1 2(n+1)
<9, "C"c IE |W1|< <y C
Wiegi(
O

Proof of Sublemma[3.5. We first prove in the finite horizon case and then indicate the neces-
sary modifications in the infinite horizon case.

Notice that a stable curve of length < 0y can be cut by at most N < Tyax/Tmin singularity
curves in S_p (see [CMJ §5.10]). For each s € S_; intersecting W, W is cut further by images of
the boundaries of homogeneity strips Sf , k > kg. For one such s, we relabel the components V;
of T7'W on which T is smooth by Vj, k corresponding to the homogeneity strip H, containing
Vi.. By , there exists ¢; > 0 such that on TV}, the expansion under 7! is > ¢;k?. So for all

¢>1/2,
\TVk]C 1 cl_g
> A DY S et (3.10)

k>ko k>ko 0
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An upper bound for (3.8) in this case is given by N times the bound in (3.10)).
It may happen that W does not intersect any s € S_1, but may intersect one or more preimages
of the S}? . In this case, the uniform expansion in Hy combined with the sum in (3.10|) provides an

upper bound for (3.8)).

In the infinite horizon case, in addition to the scenarios above, it may be that a stable curve
W intersects a countable number of singularity curves. In the notation of Section [2.5.2] assume
that W intersects at least two adjacent singular curves s, and s,41 in a neighborhood of one of
the infinite horizon points and denote the least index of the intersected s, € S_1 to be n;. Since
|W| < 6o and the distance between the s, along a stable curve is of order O(n~2),

= oW |3, (3.11)

According to [CM| Remark 5.59], there exists ¢ > 0, such that for any singular curve s,, belonging
to S_1, there is a sequence {s, C T'SH : |k| > cn!/*} that accumulates on s, as k goes to oo
(or —oo). We call the set bounded by s, , Spk+1,5" and Sp, a Dy, j-cell and note that by the
expansion along stable curves under T-! is O(nk?) in each Dy, .. Note that D, C D, where D,
was defined in Section We relabel the components of T7'W as {Wy i} corresponding to the
cell Dy, in which TW,, j, lies. Then for any ¢ > 5/6, we have

TV, ITWn!
yirey v

Wkl
n>ni |k|>cnl/4 Wa

_3c45 .
<Y X e SOm T S OWERTE < Ol

n>ny k>cn1/4

where we have used the relation (3.11)) between ny and |[W|.
This estimate together with the considerations in the finite horizon case proves ({3.8]) in the
infinite horizon case. 0

3.3 Properties of the Banach spaces

We begin by verifying that our Banach spaces contain an interesting class of measures. We first
record the following simple observation.

Lemma 3.6. There exists a constant Cy > 1 such that for any homogeneous stable curve W and
any x € W,

L, cospla)
< — 2 <K
Co = cos W < Co,

where p(x) is the angle at x and cosW is as defined in Section . Similar bounds hold for
cos W/ cos W' whenever W and W' lie in the same homogeneity strip.

Proof. The proof is straightforward and uses the fact that cos(m/2 — 1/(k + 1)?) < cosp(z) <
cos(m/2 — 1/k?) for x € H,. O

Our first main lemma shows that B contains functions with discontinuities that are transverse
to the stable cone. The approximation argument rests on the fact that the contribution to the
norm of a given function from homogeneity strips with high index is small.

Lemma 3.7. Let P be a (mod 0) countable partition of M into open, simply connected sets such
that (1) there is a constant K > 0 such that for each P € P, OP comprises at most K smooth
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curves, each of which is transverse to C*(z), with a minimum angle uniform for all P € P; (2)
each strip Hy, intersects at most finitely many P € P.

Let v > 283. Suppose h is a function on M such that suppcp |h’c'y(p) < 0. Then h € B. In
particular, CY(M) C B for each v > 23 and Lebesque measure is in B.

Proof. Since B is defined as the completion of C'(M), we must show that h as above can be
approximated by functions in C!'(M) in the || - ||z norm.

For P € P we define P to be a single simply connected component of P N Hy. The labeling
may not be unique, but there are only finitely many elements of P labelled Py for each k& > kg by
assumption (2) on P.

Let h be as in the statement of the lemma. Since ||h||p = supy, ||h|m, ||z by definition of W?#, we
may fix k and approximate h one Hj at a time. We fix P, and for simplicity first consider h = 0
off of Pk.

Choose n > 0 such that Py, := B, /i3 (Py), the n/k? neighborhood of Py, satisfies P, Cc Hy_ 4 U
Hy UHg4 (for Hy, we use k = kp). Choose a smooth foliation of stable curves on ]5k and extend h
to the smaller neighborhood B, /(2k3)(Pk) by extending h as a constant function along each stable
curve in the foliation. Denote this extended function by hy, and set it equal to 0 elsewhere.

Let py(x,y) be a nonnegative C> bump function such (1) ka py(x,y)dm(y) = 1 for each z € P,

and (2) py(z,y) = 0 whenever d(z,y) > n/(2k%). Define

fo(x) = - ﬁk(l/)ﬂn(l’,y) dm(y), for z € M.

Note that f, € C*°(M) and that f,(z) = 0 for z ¢ Pj,. We may also arrange it so that | falev ey
|hlcv(py)» while | fylevary < C’h’Cv(Pk)kS’Y/n’Y for some C > 0 independent of k and 7.

Now let W € W?* W C Hy, and take ¢ € CY(W) with [¢|w,q,, < 1. Notice that |¢|«
|[W|=%(cos W)~L. Thus,

IN

IN

/W(h = Jo) dmu = WﬂPk(h = fa) dmu + /W\Pk(h = f) dmuy (3.12)
< |h = faleoqwnpy W1 (cos W) ™1 + | fyloo| (supp fi) N (W Py)|[W] ™ (cos W) ™1,

For the first term above, we estimate the difference in functions for x € W N P, by,
) = 1@ < [ 10(@) = Fal)lpy o) dinlo)
k

and notice that we only need consider y such that d(z,y) <n/ (2k3) by definition of p,, i.e. y such
that hi(y) = h(z) for some z € Py by definition of hg. Also, since P is transverse to C*(x) and h
was extended along stable curves, we have d(y, 2z) < Cn/(2k?®). Thus d(z, 2) < Cn/k? and so

[h(@) = fo(@)] < Clhlexpyn™ k™.

Now consider the expression |W[1=%(cos W)~1. Since W is a homogeneous curve, it lies either in
Hp or in a homogeneity strip indexed by k > kg. In the former case, cosW > 1/ k‘% so that the
above expression is bounded. In the latter case, cosW > 1/k? and |W| < Ck~3 since the stable
cone is uniformly transverse to the boundaries of the homogeneity strips. Thus

W] (cos W)L < CRHDE? < k12, (3.13)

15



since @ < 1/6. Putting these estimates together, we obtain for the first term of -3.12 ,
|h — fn’CO(WmPk)!W\l_a(cos W)l < C‘h|CW(P)777k_1/2.

For the second term of (3.12)), we consider two cases.
Case 1: |W| < n/k3. Then |(suppf,;) N (W \ Pg)| < [W]| so that using (3.13),

| faloo|(suppfy) N (W \ P)[[W[~*(cos W) ™! < Clhlooy k2.
Case 2: |W| > n/k3. Then since |(suppf,,) N (W \ Py)| < n/(2k%), we have
[ falool(supp.fy) 0 (W \ PR)[[W|*(cos W)™ < Clhloon(2k) " (n/k?)"*k? < Clhloon' ="k,

Putting together these estimates and taking the suprema over W C Hy and ¢ € C4(W), we have

by (3.12),
I(h — fPV i, lls < Clhlespy(n” +n' =)k 12,

Notice that if we were not concerned with approximation, (3.12)) and (3.13)) would imply,
I hli, s < C|hlook /% for all bounded functions h. (3.14)

Since f, is supported on Hy_; U Hy U Hyq, we must es:cimate the norm of h — f;, on Hg4 as
well. Recalling that h = 0 on M \ P, and f,;, = 0 on M \ Py, for W C Hyy1 and [¢|wa,q < 1 we
estimate,

/ (h— fo)dmw < |fylsolW 0 Bl [W]2 (cos W)™ < Ollaon'™ k12,
w

again using and cases 1 and 2 above since |W N P,| < Cn/k3. Putting this together with our
estimate on Hy, we have ||h — f,ls < Clhlevpy(n” + nlm)k—12,

To estimate ||(h — f;)|m ||u, fix 0 < & < &g, where ¢ is from (2.3), and let Wy, W C Hy, be two
admissible stable curves such that dyys(W1, W3) < e. In the notation of Section we identify
W; with the graph Gy, of its defining function pw,(r), r € I;. Let 11,12 be two test functions
satisfying [vilw, 0p < 1,7 = 1,2, and |11 0 Gy, — 20 Gwylea(r,nr,) < € Without loss of generality,
assume v = 2 + 6 < 1/2, for some § > 0. This is always possible since < 1/6 by definition of
the norms. .

First assume that € > 12k~ 28. Then by the estimate on the stable norm, we have

e’ ‘/w (h = fy)¥r dmw — /W (h = fo)tb2 dmw‘ < Ce™P|hley (P)n k™% < CnPlhley (.
1 2

1
It remains to estimate the case ¢ < n?k™ 23. For this estimate, we split up the terms involving
h and f,,

/ (h = fy)b1 dmy — (h = fp)2 dmw = hapy dmyy — hapg dmyy
" W2 W W (3.15)

+ /W2 Jntb2 dmyy — /W1 Jntb1 dmyy.

We first estimate the difference involving h.
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We match W7 and W using a foliation of vertical line segments of length at most ¢ wherever
possible. This partitions Wy in the following way: curves Ui C W, for which the vertical segment
connecting Uli to Wy lies entirely in Py; curves Vlj C Wj which either are not matched to Wy (near
the endpoints of W7) or for which the vertical segment connecting V; to W3 does not lie entirely in
Py. This induces a corresponding partition on Wy into curves U2i and V. We call U, ,i the matched
pieces and ij the unmatched pieces and note that by assumption on P, there can be no more than
K matched pieces and K + 2 unmatched pieces.

We split up the integrals on W; and W5 on matched and unmatched pieces,

/ hip1 dmyy — hipe dmyy = Z/ . hip1 dmyy — / , hips dmy + Z/ hy dmyy. (3.16)
Wi W2 i UL U3 gk Vi

We estimate the integrals on the unmatched pieces first. Since h = 0 off of P, and 0P and
the vertical lines are both uniformly transverse to the stable cone (see property (1) of P in the
statement of the lemma), we have [supp(h) NV}| < Ce for each ij Then using (3.14)), we estimate

/V gy dmyy < [l s [supp(h) 0 VI cos Vi [xlenqwg) < Clhlaoc®® ™72, (3.17)

k

where in the last inequality, |¢k|caqw,) < (cosWy)™! and we have used Lemma to bound
cos ij / cos Wy

Next we estimate the difference on matched pieces in (3.16[). To do this, we change variables to
the 7 intervals I; common to U? and U&.

/I'(]W’l) © GU{' JGU} — (hapg) o GU;‘ JGU;‘ dr < 0(1;)|(hpy) o GU;’ JGU} — (hapg) o GU;‘ JGU§‘|oo

where J GUli denotes the Jacobian of GU?; . Notice that

d(p i\ 2
Gy =1+ () < V14 (K + 7)? = €. (3.18)

We split the difference on matched pieces into the sum of three terms. The first term is,

C
A=[ho Gy~ ho Gugloohby © Gy Gyfloe < HI(R) supd(Gyy (), Gy ()7 o 2

where H7(h) denotes the Holder constant of h with exponent v on Pg. Now d(GUli (r), Gui (r)) =
\goU% (r) — eu; (r)| < e by definition of dyys(+,-). Thus,

A < CyH"(h)e7 [ cos Wy. (3.19)
The second term of the difference is,
B:=|y0 GUli —pg 0 GU§|OO|h o GUé'JGUiL‘OO < €lh]|Cy, (3.20)
by assumption on 7 and 5. Finally, the last difference we must estimate is,

E = [h o Gyytba 0 Gglool I Gy — TGuiloo < Ihloclth2loolflys — sl < [Blooe/ cos W, (3:21)
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dp i
again by definition of dyys (-, -), where ¢}, = d:’f :
k

Putting together the estimates for A, B and E, as well as (3.17)), into (3.16[), we have
677ﬁ 5175
_l’_
cosWip  cos Wy

6_5 ‘/ h1 dmyy — hag dmw' < C|h’C’Y(Pk)’W1|( ) + C’h’ooga—ﬁk_l/Q.
Wi Wa

(3.22)
1
Notice that the estimate (3.22)) holds without the assumption ¢ < 7%k~ 28 which is what makes
(3-24) below possible.

A similar estimate holds for f,, although now we use the assumption € < n%fﬁ. Indeed the
estimate is simpler since f;, is Holder continuous on all of M with H7(f,) < C|h|cv(p,)k* /77 Thus
we may partition Wi and W5 into one matched piece and at most two unmatched pieces near their
endpoints. The unmatched pieces have length at most Ce so that an estimate similar to
holds for f,,. Then since f, is Holder continuous everywhere, estimates A, B and E hold on the
single matched piece and so,

HY(h)e7 P>y N |h|ooe™?
7" cos W1 cos Wy

e’ ‘/ Jo1rdmw — 2 dmw‘ < C’Wﬂ(
Wh

) +C|h|oee® ", (3.23)
Wa

Since |Wi|/ cos W1 is bounded by C/k by (3.13) and cos Wi/ cos Wy < Cjy by Lemma because
W1 and W lie in the same homogeneity strip, it is clear that the only term that can cause a problem
is the first one in (3.23]). We estimate,

|Wy| e PR3 - 1 2B +0) 3y

Y opbp6vB=8-7)/(28)
cosWy n7 = knpkO=6)/26) — Cn'k

Notice that the exponent of k is negative since 68y < v < v+ 3 for any v > 0 and 8 < 1/6.

We have shown that |[(h — f;,)|m,||u < C‘h‘cW(Pk)T]JI, where §' = min{d,2(a — 3)}. Since h =0
outside Py, we have [|(h = fy)le, lu = [[fyls,s, [l and this expression is similarly bounded by
since the bound on H7(f;) used there holds on all of M.

This together with the estimate on the strong stable norm implies that ||h— f; ||z < C’h‘C'y(Pk)ny.
Notice that if we are not concerned with approximation, then , and together
imply that

[l 15 < C sup [hle (o2 (3.24)
pPcP

In making this approximation argument, we have assumed that h = 0 outside Pj. More general
h can be expressed as h =, > P h1p, where hlp, = 0 outside of P, and so can be approximated
by a C! function ff])’“ as above. Due to , given € > 0, we first choose K so that ||hlg, |5 < €
for all K > K. By property (2) of P in the statement of the lemma, there exists a constant N,
such that each strip Hj, for ky < k < K/ intersects at most N, elements P € P. We thus form the
finite sum Zko <k<K! > P, ff *# and approximate h by 0 on Ug~g/Hj. Note that there are at most
N elements Py for each k < K!. Thus,

(= >0 >

ko<k<K{ Py

<e€ su
et s

‘ < e+ CNen sup |hlev(p),
ko<k<K! B Pcp

Z (hlPk - f?fk)
Py

and finally we choose 7 sufficiently small so that n° N, < e. O

Our next lemma shows that £ is well-defined as an operator from B to B. Its proof uses the
fact that ||Lh|sp < oo from Section {4| This is the only point in this section where we use results
from Section [4]
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Lemma 3.8. If h € C(M), then Lh € B.

Proof. Let h € C1(M). As in the proof of Lemma (3.7, we must approximate £h by C' functions
in the norm || - ||g. Note that £h has a countable number of smooth discontinuity curves given by
T(So,u) (we include the images of boundaries of the homogeneity strips). These curves define a
countable partition P of M into open simply connected sets which does not satisfy the assumption
(2) of Lemma since each Hj, can intersect countably many P € P. In addition, the C! norm of
Lh blows up near the curves T'Sp.

For j > ko let P’ denote an element of P such that T-1P7 C H;. Again, the labeling is not
unique, but for each j, the number of elements in P which are assigned the label j is finite (even
in the infinite horizon case). Let P’/ = U;~ ;P7. We claim that ||£h|p.| 5 is arbitrarily small for .J
sufficiently large. On the finite set of P/ with j < .J, the C! norm of Lh is finite and the modified
partition P* = {P7},;<; U {P’} satisfies the requirements of Lemma So we may approximate
Lh as in Lemma on M\ P” and approximate £h by 0 on P/. Thus the lemma follows once we
establish our claim.

Indeed, the claim is trivial using the estimates of Section [l For example, we must estimate
|Lh|ps|ls = [|[1psLh||s. Taking W € W* and ¢ € C{(W) with |¢|wqq < 1, we write

/ 1P1£h¢de:/ h’DTrlJTleT’(/JOTdmw,
w T-Y(WnP7)

and the homogeneous stable components of T~1(W N P”) correspond precisely to the tail of the
series considered in (4.2)) and following and so can be made arbitrarily small by choosing J large
(notice that we do not need contraction here so that we may use the simpler estimate similar to
Section applied to the strong stable norm rather than the estimate of Section [4.2)).

Similarly, in estimating ||Lh||., one can see that the contribution from P7 corresponds to the
tail of the series from the estimates of Section and so this too can be made arbitrarily small
by choosing J large. O

The next lemma allows us to establish a connection between our Banach spaces and the space
of distributions introduced in Section Recall that Hf, () = supyyep—nyys Hiy (1).

Lemma 3.9. For each h € C'(M), n >0, and ¢ € CP(T~"W?) we have

Ihw)| = ' / hwdm| < Clhlu (bl + HE().

Proof. On each M, = 0I'y x [—m/2, /2], we partition the set Hy N M, into finitely many boxes B;
whose boundary curves are straight line segments in W and W" as well as the horizontal lines
+7/2 F 1/k3. We construct the boxes so that each B, has diameter < &y and is foliated by curves
W € W?. On each Bj, we choose a smooth foliation {W¢}eep, C W? of parallel straight line
segments, each of whose elements completely crosses B; in the approximate stable direction (this
is always possible if we originally choose the stable and unstable boundaries of B; to be parallel).

We decompose Lebesgue measure on B; into dm = A(d§ )dmwg, where myy, is the conditional
measure of m on W¢ and A is the transverse measure on E;. We normalize the measures so
that me(We) = [We| and note that the conditional measure myy, is the arclength measure on W
since the foliation is comprised of straight line segments. Note also that A(£;) < Cdy due to the
transversality of curves in W* and W*".

Next we foliate each homogeneity strip Hy N My, k > ko, using a smooth family of parallel line
segments {W¢lecp, C W? whose elements all have endpoints lying in the two boundary curves
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of Hy. We again decompose m on Hj into dm = A(d§)dmw,, £ € Ej, and mg(We) = [We| is
normalized as above. By construction, A\(Ey) = O(1).

Now given h € C'(M) and ¢ € CP(T~"W*), note that since M = T~"M (mod 0), [,, i) dm =
fM L"h o T~ ™dm. We estimate the second integral one £ at a time,

,Cnhl/JoT"dm:Z/B Lo T ™ dm + Z/H Mﬁnhon’”dm
i j kMM,

M, |k[>ko

= Z/EJ . L' o T~ dmy, dA(€) + Z /Ek e L7h o T~ dm, dA(€).

[k|>ko

We change variables and estimate the 1ntegrals on one W at a time. Letting W” denote the
components of G,(W¢) defined in Section we define Jyyp T™ to be the stable Jacoblan of T"
along the curve W¢';, and write

L'hap o T dmy = Z/ M| DT~ Ty T dmy
We ) i 7

<> |hlw cos(WE ) [Wlerwz ) [IDT" |~ g, T eoqwe,)-

From the distortion bounds (A.1)) we have HDT"\*lJW&T”]Cp(W&) < Cg\]DT”]flJngT”kO(W&).
Since by [CM, (2.29)], the Jacobian |DT™|~!(x) = cos(T"x)/cosz for = € W¢';, we have by

Lemma [3.6]

cos(W¢) HDT”|—1|CO(W&) < C¢ cos We.

1/3 |TPWn
Also by (3.1)), |JngiTn|CO(ng_) < eCa% % Putting these estimates together yields,

ang |
/ L7 o T dmy < Clhlw(|th|so + HE (¢ COSW§Z L
We i

where the sum is < Cy by Lemma [3.2] Thus

L"thoT”dm‘SC\h|w(|¢!m+H£(w))(Z/E cosWe dA(€) + Y /E congdA(§)>

I

< Cltluol + N (SNE) + 3 A5

|k|>ko

where in the last line we have used the fact that cos W < Ck~2 for W C Hj,. Both sums are finite
since there are only finitely many E; and A(E}) is of order 1 for each k. Since there are only finitely
many My, we may sum over £ and the lemma is proved. O

We conclude this section by proving the following important fact.
Lemma 3.10. The unit ball of B is compactly embedded in B,,.

Proof. First notice that on a fixed W € W?, |- w0, is equivalent to | - |cpaw) and | - |wa,q is
equivalent to | - |ce(yy S0 that p > ¢ implies that the unit ball of | - |y, is compactly embedded
in |- |wa,g- Since || - ||s is the dual of | - |w,q,q and | - |, is the dual of | - w0, on each stable curve
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W € W?, the unit ball of || - ||s is compactly embedded in |- |, on W. It remains to compare the
weak norm on different stable curves.

We argue one component My = T'y x [—7/2,7/2] at a time. Let 0 < & < g¢ be fixed. Let k. € N
be the first integer k such that 1/k% < . We split M, into two parts, A = {—7/2 + 1/k2 < p <
7/2 —1/k?} and B = M, \ A. Since curves in W* are graphs of functions ¢y whose slopes are
greater than Kyi, > 0 and have uniformly bounded second derivative, there exists C' = C(Q) > 0
such that any admissible curve W C B must have length no longer than Ce.

Let h € CY(M) with ||h||g < 1. First we estimate the weak norm of h on curves W in B. If
W C Hy, for |k| > ke, and |¢|wop < 1, then

/W hap dmy < |l W]* cos Wlhlea) < Cllh]lc®.

Now for W C A, notice that there exists a constant K. > 1 such that 1/cosW < K.. On a
fixed interval I, the set of functions {pw }wews defined on I and lying in one homogeneity strip is
compact in the C'-norm. Since A contains only finitely many homogeneity strips, we may choose
finitely many stable curves W; € W? such that {Wz}ivjl forms an e-covering of W?*| 4 in the distance
dyys.

Let |I'y| denote the arclength of I'; and define S} to be the circle of length |T'|. Since any ball of
finite radius in the CP-norm is compactly embedded in C%, we may choose finitely many functions
h; € CP(S}) such that {1/1]} forms an e-covering in the C?(S})-norm of the ball of radius Cy K.

in CP(S}), where Cj is from (3.18).
Now let W = GW(IW) € W8|A, and ¢ € CP(W) with |¢|wo, < 1. We view Iy as a subset of

S;. Let ¢ = 1 o Gw be the push down of ¢ to Iyy. Note that W]Cp (1w) < Cyg/ cos W < Cy K.

Choose W; = Gw, (Iw,) such that dys(W,W;) < e and choose ; € CP(S}) such that | —
Vjlea(ry) < e Define ¢ = ¢ 0 Gy} to be the lift of ¢; to Wi. Note that [1h;]w,0p <
cos W;(2Cy/ cos W) < 2C,Cy by Lemma E since W; and W he in the same homogeneity strip.
Then normalizing 1 and 1; by 2CoCy, we estimate

’/ h de—/ hab; dmw‘ < &%||hllu2CoCy.
w W;

We have proved that for each 0 < ¢ < g9, there exist finitely many bounded linear functionals ¢; ;,
lij(h) = [y, hbjdmyy, such that

|hlw < max £ (k) +PC||hl|lu +€C|h]ls <  max £ ;(h) +°Cb7Y|h||5,
i<Ne,j<Le i<Ng,j<L¢

which implies the required compactness. O

4 Lasota-Yorke Estimates

It suffices to prove Proposition n 2.3 for h € C'(M) since then by density of C}(M) in B, L is
continuous on B. To see this, assume Proposition n 2.3 has been proved for h € C1(M) and identify
h € B with a Cauchy sequence {gn}n>0 C C*(M). Since £ is bounded when applied to functions
in C1(M), by the assumption that Proposition [2.3[ holds for C! functions, it follows that {Lg,} is a
Cauchy sequence in B. By Lemma[3.9] we identify its limit with £h and so || £h[|p = lim,, || Lgn |8 <
lim,, C||gn|lg = C||h||g- Thus L is bounded and therefore continuous on B. A similar argument
holds for B,,.
We use the distortion bounds of Appendix A throughout this section.
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4.1 Estimating the Weak Norm
Let h € CY(M), W € W* and + € CP(W) such that W\WOp < 1. For n > 0, we write,

/ Lrhpdmy = Y / |DTn on”de, (4.1)

WreG, (W)

where Jy»T" denotes the Jacobian of T" along W'
Using the definition of the weak norm on each W/, we estimate (4.1)) by

/ Lrhpdmy <> bl DT Twn T oy ¥ 0 T oy cos Wi (4.2)
wiregn
The disortion bounds given by equation (A.1]) imply that
|DT™ | Jwn T erwny < CHIDT™ |~ Jwn T coqwn)-

For z,y € W', we record for future use,
[B(T75) = ()| dy (T, TP

dW (Tnx, Tny)p dW (x7 y)p
by (2.8) so that [¢) o T"|coyr) < ClYplerwy < €/ cosW. Using these estimates in equation (4.2)),

we obtain

< Cllerw | JwrT"I; , S CATP Y er(wry (4.3)

cowry

cos W/
cosW

/ E"h?[)dmw < O|h|w Z ||DTTL| 1JV[/TLI_’ ’00 W”
w ergn
Since |[DT™(x)| = cos p(z)/ cos p(T"z) for & € W}, by Lemma [3.6] we have

cos W/
) cos W

DT coqwn < C2. (4.4)

. . . ) 1/3 N
Notice also that by the bounded distortion estimate (3.1)), | JwrT"|c,wn) < eCado”" | T W L.
Gathering these estimates together, we obtain

Wi

/ Lrhapdmy < Clhly Y < CCylhlw,
w

Wreg, L
where in the last inequality we have used Lemma Taking the supremum over all W € W?* and
e CP(W) with |¢|wo,p < 1 yields (2.4).

4.2 Estimating the Strong Stable Norm

Let W € W? and let W* denote the elements of G, (W) as defined in Section For ¢ € C4(W),
[Vl Waq < 1, define ¢; = w1 an ¥ o T™ dmyy. Using equation (4.1]), we write

/ Lrhp dmyy — Z/ ’DTn (oT wi)dmw+wi/ h T dm. (05)
To estimate the first term of (4.5]), we first estimate |¢) o T" — Ei‘cq(Wi")- If HY, () denotes the
Holder constant of ¢ along W, then equation (4.3) implies

[p(T"x) — p(T"y)|
dw (x,y)9

< CATMHY (), (4.6)
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for any z,y € W}". Since ¢; is constant on W, we have H{n (¢ o T" — ;) < CA™"H{,(¢). To

1

estimate the C° norm, note that 1; = ¢ o T"(y;) for some y; € W/*. Thus for each z € W,
[0 T (@) — | =¥ o T" () — ¥ o T"(yi)| < Hiyn (¢ o T™)|W|T < CHy ()A™.
This estimate together with and the fact that |¢|w.q,q < 1, implies
[0 T = Filewry < CA™blenqury < CA™|W|~ (cos W) (@7)

We apply (4.7)), the distortion estimate (A.1) and the definition of the strong stable norm to
the first term on the right hand side of (4.5)),

JwnT™ — W cos W | JwrT™
h 7 T'fl o i d < C h s 2 1 I3 A—qn
S [ n et - Tydmy <Y Il e
‘ ’ ! : (4.8)
1/3 —qn |Win’a |Tann’ —qn
< Celad” c2p—1 ”hHSE Wie e < C'A™||B s,

where in the second line we have used (4.4) and Lemma with ¢ = a.
For the second term on the right hand side of (4.5), we use the fact that [¢;| < \W\*a (cos W)=t
since ||w.a,q < 1. Recall the notation introduced before the statement of Lemma Grouping

the pieces W € G, (W) according to most recent long ancestors, we have

JW AL JwrT™
Z\WP‘COSW/TL |DT™| dmw = ;]EZL IZ ]W!acosW th]DT”\ dmw
ki€
1 Jwn I
—_— h : d
+€Iz: |[Wl>cosW Jyyn  |DT| s

where we have split up the terms involving k£ = 0 and &k > 1. We estimate the terms with £ > 1 by
the weak norm and the terms with k£ = 0 by the strong stable norm,

cos W/
" C w
Z|W|O‘COSW we |DT”| mw = ZZ 2. Wocosw
k=1j€Ly icZ,(WF)

JwnT"
|DT™|

cowr)

W% cos W] " n
+C Z ’“/V}cxnh” IDT™ [V T T oy -
1€ (

As usual, by ([4.4)), the ratio of cosines times |DT™|~! is uniformly bounded.
In the first sum above corresponding to & > 1, we write

|JWi"Tn|C°(Wi”) < |JW1-"Tn_k|CO(W;L)\JWJka|CO(WJk)~

Thus using Lemma [3.1] from time k to time n,

n n Tm—kvvn
Z Z Z W[ Jwp T | coqwny < e Z Z |JWJl€Tk’CO(WJ’?)|W’7a Z ||an|z|

k=1j€eL; z‘eL,,(Wf) k=1j€Ly ieZn(Wf)
N ]Tka| |Wk‘a
<oy s o e
k=1j€eLy
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since ]Wf| > §1. The last two sums are bounded independently of n and W by Lemma @ with
S =a.
Finally, for the sum corresponding to k = 0, we write
11—«
(Wi "W} n(1-a)
D gy T e <O > e | <o
€L, (W) €L, (W)

using Lemma [3.1] and Jensen’s inequality as in the proof of Lemma [3.3]
Gathering these estimates together, we have

h!DT”\_lJWZ_nT” dmy| < C67 Ry + C||h) 070, (4.9)

Putting together (4.8]) and ( proves ,
lcrhl, < © (A 1 070 7) il + COT° bl

1
; |W | cos W

4.3 Estimating the Strong Unstable Norm

Fix € < g9 and consider two curves W1, W2 € W? with dyys (W', W?) < e. For n > 1, we describe
how to partition T—"W* into “matched” pieces Uf and “unmatched” pieces Vf, {=1,2.

Let w be a connected component of W1\ S¥ . To each point € T~"w, we associate a vertical
line segment +y, of length at most CA~"¢ such that its image T"~,, if not cut by a singularity or
the boundary of a homogeneity strip, will have length Ce. By [CM, §4.4], all the tangent vectors
to Ty, lie in the unstable cone C*(T"z) for each i > 1 so that they remain uniformly transverse
to the stable cone and enjoy the minimum expansion given by .

Doing this for each connected component of W'\ S we subdivide W1\ S¥ _ into a countable
collection of subintervals of points for which 7", intersects W?2 \ S¥ and subintervals for which
this is not the case. This in turn induces a corresponding partition on W2\ S®

We denote by Vf the pieces in T-"W?* which are not matched up by this process and note that
the images T”Vf occur either at the endpoints of W* or because the vertical segment ~, has been
cut by a singularity. In both cases, the length of the curves T’ ”Vf can be at most Ce due to the
uniform transversality of S, with the stable cone and of C*(z) with C*(x).

In the remaining pieces the foliation {7"v;},er-»yw1 provides a one to one correspondence
between points in W1 and W?2. We further subdivide these pieces in such a way that the lengths of
their images under T~ are less than Jy for each 0 < i < n and the pieces are pairwise matched by
the foliation {v;}. We call these matched pieces Uf . Possibly changing the constant dy/2 to dp/C
for some uniform constant C' > 1 (depending only on the distortion constant and the angle between
stable and unstable cones) in the definition of G,(W*), we may arrange it so that Uf C Wf ™ for
some Wf’n € G,(W¥) and V{ C Wf’n for some Wﬁ’n € Go(W*) for all j,k > 1 and £ = 1,2. There
is at most one U f and two Vf per Wf’n € Gu(WH).

In this way we write W* = (UjT"Uf) U(U;T™V}). Note that the images TV of the unmatched
pieces must be short while the images of the matched pieces Uf may be long or short.

Recalling the notation of Section we have arranged a pairing of the pieces Uf with the
following property:

If Uj = Gyr(I) = {(r.p2 (1)) : 7 € I},

. | (4.10)
then U7 = GUJ?(I]) {(r, 90U2(7“)) v € I},
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so that the point x = (r, ;1 (7)) is associated with the point Z = (r, ¢y2(r)) by the vertical segment
J J
Yo C (7, 8) Yse[—n/2,r/2), fOr €ach r € I;.

Remark 4.1. The fact that we have matched stable curves using vertical line segments is not
essential to our argument: we could have matched them using any smooth foliation of curves in
the unstable cones. However, a remarkable feature of the present approach is that we do not match
stable curves along real unstable manifolds, as is commonly done in coupling arguments, and thus
we avoid the technical difficulties associated with the corresponding holonomy map.

Given vy on W with [Velwe o, < 1 and dg(th1,12) < €, with the above construction we must
estimate

L"hz/)ldmw/ E”hwgdmw‘ <>
W2

‘ wi L

/ h| DT~ Jy Ty o T" de|
Z H

(4.11)
+ E / h|DTn|71JU_1Tn1/)1 o T™ dmyy —/ h|DTn|71JU_2Tn1/)2 oT™dmyy| .
j Uj J U? J

We do the estimate over the unmatched pieces Vf first using the strong stable norm. Note that
by (4.3), [¢e o T"|cap-nyey < Clbelerrey < C(cos W~ We estimate as in Section using the
fact that \T"Vf’ < Ce,

2.

0

cos Ve
We

<O |nlsI Vi I DT 1Jva"!c<z
0,0

/ h|DT™|"LJ,, Ty o T dimyy
%

i

nvé 11—« (412)

a P | o n
< C|lhls Z\VZI yvf\ < e, Z e < Ce|[h[lsCT,

where we have applied Lemmawith ¢ = 1—a > 5/6 since there are at most two Vf corresponding

my/ L
to each element Wf’n € G'(W) as defined in Section and by bounded distortion, IT‘V2| <
Ca IT"WZ il
Wi
Next we must estimate
> / A|DT™ |~ T T™ by o T™ dmyy — / RIDT™ |~ T2 T™ by o T™ dmyy | .
j U} ’ U? J
Recalling the notation defined by (4.10]), we fix j and estimate the difference. Define
= (IDT" 7' Jn T b1 0 T™) © Gya 0 G-
J J J
The function ¢; is well-defined on Uj2 and we can estimate,
/ h| DT T T py o T" — / h|DT™| Ty T™ ahg o T"
Ul J 2 J
! (4.13)

<

/ h|DT"|1JU_1T”¢1oT”—/ hoj| +
U; J Uj2

[ 16y = 10T T g o 7).
J
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We estimate the first term in equation 14.13j using the strong unstable norm. The distortion
bounds given by (|A.1)) and the estimates of and (4.4) imply that

DT I T -ty 0 Ty, < cos(UD] IDT" [~ Jgn T -6y 0 T oo
( 1) (4.14)

cos Uj n|—1 n mn
< Cw| [T Jin T oy < ClIn T o)

Similarly, since |GUJ_1 o G5];|cl < Cy, where C is from (3.18)),

cos(Uj2 )
cos W2

cos(U)|d;ler(2) < C DT [T Iy T oty < ClIp T ooy

U2 Ul . . . .
where CCZSS(WJQ) <C3 CC(;SS(WJI) by Lemma since the corresponding curves lie in the same homogeneity

strips. By the definition of ¢; and dg(-, ),

dy(|DT" [T T Ty 0 T", ) = ‘ [’DanljU.lanl ° T"} oGy — @0 Gy =0
J J J J Cll(]]-)

To complete the estimate on the first term of (4.13]), we need the following lemma.

Lemma 4.2. There exists C' > 0, independent of W1 and Ws, such that for each j,
dWs(Ujl, U]2) < CA "ne =: 1.

We postpone the proof of the lemma until Section and use it to complete the estimate of

the first term of (4.13]).

In view of (4.14), we renormalize the test functions by R; = C[J;1T"|co(y1y. Then we apply
J J
the definition of the strong unstable norm with € in place of . Thus,

2.

J

/ h|DT”|_1JU1T”@Z)1oT”—/ h;
Uj J U?

(4.15)
nrrl
U}

1 )
U; |

< C Al Y 1T T leowry < CliRfl A n ey~

J J

where the sum is < (s by Lemma since there is at most one matched piece U jl corresponding

to each component of T-"W', W,"" € G, (W1).
It remains to estimate the second term in (4.13]) using the strong stable norm. We need the
following lemma.

Lemma 4.3. There exists C' > 0 such that for each j > 1,
’(|DTn|71JUJ.1Tn) ° GU].I - (‘DanlJU]?Tn) ° GU?’CQ(IJ') < C‘|DT"’71JUJ2TH|CO(U7?)51/37(]-
Proof. Throughout the proof, for ease of notation we write J}* for |[DT™|~1.J ./ T™.
J
For any r € I;, x = Gyi(r) and = Gp2(r) lie on a common vertical segment ~,. Thus 77 (x)
J J

and T™(%) also lie on the element 7™y, € W which intersects W' and W? and has length at most

Ce. By (A3) and (&),
T (@) = T3 (@)] < CLI orn) (d(T", T"2)* 4+ 0(T"2, T"3)),
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where 0(T"x,T"Z) is the angle between the tangent line to W' at 7"z and the tangent line to
W2 at T"z. Let y € W? be the unique point in W? which lies on the same vertical segment
as T"x. Since by assumption dyys(W?', W?) < ¢, we have §(T"z,y) < . Due to the uniform
transversality of curves in W* and W* and the fact that W' and W? are graphs of C? functions
with uniformly bounded C? norms, we have 6(y, T"z) < Ce and so 6(T"z, T"z) < Ce. Similarly,
dw (T"z, T"z) < Ce so that

| (x) — J3(2)] < 061/3|J§|CO(U§)- (4.16)
Using this estimate and the fact that |GUf|Cl(Ij) < Cy, we write for r, s € I,

|(Jf 0 G (r) = J5 0 Gra(r)) = (Jf 0 Gya(s) = J5 0 Gpa(s))| 2C€V*|Jfcore)

(4.17)

|r — s]¢ |r — s|¢

Also, using (A.1)) since Ge(r) and Gye(s) lie on the same stable curve,
J J

|(J1" 0 G (r) = J 0 G (s)) = (5 0 G2 (r) = J3 0 Gz (s)))|
1 U} 1 U} 2 U; 2 U; < 2C|J;‘CO(U]2)|T _ 8|1/3—q' (4.18)

|r — s|9

iutti;lgd li and (4.18]) together implies that the Holder constant of Ji* o GU]; —J3yo GUJ? is
ounded by

HY(JP o Gyi — J3 0 Gy2) < C|JR o2y sup min{e/3|r — s|79, |r — s|1/379}.
U U co(U2)
J J J

T,SEIj

This expression is maximized when e'/3|r — s|=7 = |r — 5|'/379 ie., when € = |r — s|. Thus the
Holder constant satisfies, H4(J{' oGy —J3 o Gyz) < C]JQ\CO(UQ)EUS*‘], which, together with (4.16)),
J J J
concludes the proof of the lemma. O

Using the strong stable norm, we estimate the second term in (4.13)) by

< RILUZI cos(UF) |5 — DT~ Jya Ty 0 T"

/ h(¢] — ‘DT”‘_ljU_zang o Tn)
U2 J

J

caU?)’
(4.19)
In order to estimate the C4-norm of the function in (4.19)), we split it up into two differences. Since
-1 .
\GUJ_Q\Cl, |GU]2]C1 < Cy, we obtain

lpj — (’DTnfflJU]?Tn) 20T |eaq2)

<C ’ [(|DT"!‘1JU1T”) Sy oT”] o Gy1 — [(\DT”|_1JU2T") TR T"} o Gyye
J J J J

ca(Iy)
<C ‘(‘DanlJU;T") o G {1/}1 oT"oGy1 —po0T" o GU_2:|
J J J J

o) (4.20)
+C|[ADT™ 1y T 0 Gy — (DT 0 T™) 0 Gy a0 T Gy |
J J J J J

ca(ly)

<C| |DTn|_1JUJ1Tn|CO(Uj1)

¢10TnoGU]1—¢20T”oGUJ_2

Ca(1;)
+ Cleos W2) ™1 [(IDT"[ "1y T) 0 Gy — (DT JyaT™) 0 Gy
J J J

J

ca(ly)

Note that the second term can be bounded using Lemma [4.3] To bound the first term, we prove
the following lemma.
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Lemma 4.4. 11 0 T" o Gyn —p2 0 T" 0 Gyyz|ca(r;) < C(cos W?2)~tepa
J J

We postpone the proof of the lemma to Section 1| and show how this completes the estimate
on the strong unstable norm. Notice that ||[DT™|~ IJUlT”]co vl < C||DT™|~ 1JU2T leo v?) by the

distortion bounds and ( - Then using Lemmas ﬁ and - together Wlth - ylelds by
(14.19)

3 ’ /U2 B(@; — | DT~ Ty o T") dmw(
j J

)

< C|hls Z|U2|a W2||DT"\ LT oy €77 < ChllsP~ QZ |
J

where again the sum is finite as in (4.15]). This completes the estimate on the second term in (4.13)).
Now we use this bound, together with (4.12]) and (4.15) to estimate (4.11])

‘ L hn de—/ £"h¢2dmw' < CCM|h||se® + C||h||A™nPeP + C||h||seP 1.
wit w2

Since p—¢ > f and a > 3, we divide through by ¢” and take the appropriate suprema to complete
the proof of (2.6).

4.3.1 Proof of Lemmas [4.2] and [4.4]

Proof of Lemmal[{.9 Note that by construction U jl and U 3'2 lie in the same homogeneity strip. Also,
they are both defined on the same interval I; so the length of the symmetric difference of their
r-intervals is 0. Recalling the definition of dws(U 1 sz), we see that it remains only to estimate
|g0U1 — ¢y |c1(1;) for their defining functions vt

The fact that lpu —puzleor;y < CA™"e follows from the fact that Uj1 and Uj2 are connected by
J J

a foliation of vertical segments {7, } and T, lies in the enlarged unstable cone C%(z) = {(dr, dy) €
TaM : Kin < fl—f < oo}, for 0 < i < n. Since any vector in C*(z) undergoes the uniform expansion®
given by (2.8) under iteration by T (see [CM, §4.4]) and |T™~,| < Ce by assumption on W1 and
W2, we have |y,| < CA™"

Finally, we must estimate |¢;1 — ¢}»|, where ¢, denotes the derivative of ¢y with respect to

J j J i
r. For x € Uf, let ¢(x) denote the angle that G makes with the positive r-axis at . For = € Uj1
J

and £ = v, N Uj27 let 6(z,Z) denote the angle between the tangent vectors to Uj1 and U]2 at the
points x and Z, respectively. We have

[P () = 12 (7)] = [ tan ¢(z) — tan §(7)| < [ sup sec” §(2)]|6(z) — 4(7)| = [ sup sec” ¢(2)]0(x, 7).

L L
zEUj zer

Since the slopes of vectors in C*(z) are uniformly bounded away from 0 and —oo, we have sec? ¢(z)
uniformly bounded above for any z € Uf. It follows from ({A.5) that

O(z,z) < CA"(nd(T"z,T"Z) + 0(T"x,T"T)).

Since T"z € W', T"z € W?2, it follows from the assumption dyys (W, W?2) < ¢ that d(T"x, T"Z) +
O(T"x, T"z) < Ca, which proves the lemma. O

3Indeed, all the uniformly hyperbolic properties of Section 1/ hold in the larger cone C'* (z). The reason we
define the narrower cones C°(z) and C*(z) is to maintain umform transversality of curves in WW* and W*".
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Proof of Lemmal[].7 Let oy be the function whose graph is W*, defined for r € Iy, and set

ff = G;Vl,_, oT"™ o Gye, £ = 1,2. Notice that since |G;Vll|cl, |Geler < Cy, and due to the uniform
J J

contraction along stable curves, we have | ff\cl( ) < C, where C is independent of W* and j. We

may assume that ff(lj) C Iy N Iy since if not, by the transversality of C*(x) and C*(x), we

must be in a neighborhood of one of the endpoints of W* of length at most Ce; such short pieces
may be estimated as in (4.12)) using the strong stable norm. Thus

(10T 0 Gy — g o T" 0 Grezleaqy) < |41 0 Gy 0 fi =20 Gy o fileaqsy)
+ [th2 0 Gz o f} — b2 0 Gz © fFca(ry).-
Using the above observation about fjl, we estimate the first term of by
10 Gy o f] — g 0 Gz o flear,) < Cltr o Gy — g 0 Gw2lea(pi(ry) < Ce (4.23)
To estimate the second term of , notice that since dyys (W', W?) < ¢, we have |fJ:-l —
ij\Con) < Ce. Thus for r € I},
|2 0 Gz © f (r) = b2 0 Gz 0 f7(r)] < Clales| f (r) = f7(r)[P < Claba|cre”. (4.24)
Using , we write for r, s € I,
(2 0 Gw2 0 f(r) = w20 Gy 0 f7(r)) — (20 Gyyz © fi(s) — o 0 Gy 0 f7(s))| < 2C|4nlere?.
On the other hand, notice that for k =1, 2,
[2 0 Gy 0 fF(r) = 2 0 Gz o f(5)] < Cliales| £ (r) — [F ()P < Clpales|r — s,

using the fact that | f]’-‘;|c1 < (. These estimates together imply that the Holder constant of
9 0 Gyz © fjl — g 0 G2 © ij is bounded by C|¢1|cr sup,. g;, min{e?|r — s|7%, |r — s[P79}. The
minimum is attained when the two bounds are equal, i.e., when ¢ = |r — s|. This, together with

({4.24), implies

(4.22)

1h2 0 Gyy2 © fjl — oGy o sz\Ctz(Ij) < Claba|ere”™1.
This estimate combined with (4.23) proves the lemma since [¢2|cpw2y < (cos w2)-1L, O

5 Proof of Theorem 2.5

The Lasota-Yorke estimate and the compactness of the unit ball of B in B,, imply via the
standard Hennion argument that the spectral radius of £ on B is bounded by 1 and the essential
spectral radius is bounded by o < 1 (see for example [B1]). Indeed, the spectral radius is 1, since
if it were smaller than 1, by Lemma we would obtain the following contradiction,

1=m(1) = nh_)rgo |IL"m(1)] < Cnh_{glo IIL"m|g = 0. (5.1)

Our proof of Theorem follows very closely that in [DL, Section 5]. Although our proofs in
Sections [3| and {4] were different from those in [DL] due to the countable number of singularities
and the additional cutting to maintain bounded distortion, the norms are in fact very similar
(excluding the additional weights of cos W) so that once the spectral gap is proved, the subsequent
characterization of the peripheral spectrum of £ follows from the same rather general argumentsﬁ
We include some of the arguments here for completeness and to point out which properties follow
from our functional analytic setup and which follow from previously known properties of billiards.

“See also [BGIL, Appendix B] for a general strategy to prove the characterization of the peripheral spectrum once
the Lasota-Yorke inequalities and several of the lemmas of Section have been established.
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5.1 Peripheral Spectrum
Let Vg be the eigenspace of £ associated with the eigenvalue e2™ and let Iy be the eigenprojector
onto Vy. We begin by proving the following characterization of the peripheral spectrum of L.

Lemma 5.1. Let V = ®yVy. Then,
(i) L restricted to V has semi-simple spectrum (no Jordan blocks);
(i) V consists of signed measures;

(77i) all measures in 'V are absolutely continuous with respect to i :== Ilgm. Moreover, 1 is in the
spectrum of L.

(iv) Let Siﬂnﬁ denote the e-neighborhood of SY.,. Then for each v € V, n € N, we have V(Si}tﬂnﬁ) <
Che®, for some constants C,, > 0.

Proof. (i) Suppose there exists z € C, |z| = 1, and hy, hy € B, hy # 0, such that Lhy = zh; and
Lhs = zhs + hy. Then L£L"hy = z"hy + nz""1hy so that

IL"ha|lg > n||hil|B — ||h2||B, for each n >0,

which contradicts the fact that ||£"||p remains bounded for all n due to ([2.7)).
(ii) Recall that for ¢ € CP(W?), we have ¢ o T™ € CP(T~"W?). Thus by Lemma for h € B,

[L7h(W)] = [h( o T")| < CllhllB(1¢|oo + HE (0 T™)) < Cllhl[5(1¢]ec + AP HF (1)), (5:2)

where as usual, H}(-) is the Holder constant with exponent p measured along curves in T~ "W$ C
W?# and we have used (4.3)).
Suppose v € V with Lv = zv, for some z € C, |z| = 1. Then by (5.2)), for each n > 0,

() = 27" L v ()] < Cllvlis(1$le + AP HE ().

Taking the limit as n — oo yields |v(¢)| < C||v||B|¢]s for all ¢ € CP(W?), so that v is a measure.

(iii) By density, Vg = IIoC*(M). So for each v € Vy, there exists h € C'(M) such that Ilph = v.
Now for each ¢ € CP(M),

()| = Mgh(h)| < [hlocIloL([4)]) = |hloori([2])-
dv

Thus v is absolutely continuous with respect to @. Moreover, letting h, = a We have h, €
L>°(M, ). This implies that @ # 0 since then the spectral radius of £ would be strictly less than
1, leading to the contradiction given by (5.1)). Since £z = T, it # 0, then 1 belongs to the spectrum
of L.

(iv) We give a different proof here from that in [DL] due to the fact that our singularity set is
countable rather than finite.

Let v € V and fix n > 0. Let SEHM denote the e-neighborhood of S™ and let hy, be a sequence
of C' functions converging to v in B; then since £ is bounded, £"h;, converges to £"v in B. It is

straightforward to check (applying Lemma that (L"hy)e(¥) == Lhy(1ga ) belongs to By,

due to the uniform transversality of curves in S¥, to the stable cone. Then, for 1 € CP(M) and
W e Wws,

/ (L"hy) e dmyy = / L™ hy, lgn  Ydmw = Z/ hk‘DTn‘_lenTn¢ o T"dmyy .
W w e r '

—n GH
ian ns—n,s
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Notice that since W/ are created by intersections of W with S¥, , it follows that there are at most
two connected components in each W;* N T ”SEH” e and [T"W N SEHn7E| < Ce. Consequently, we

estimate the above expression following ,

. . aTnWin
‘/ (L hy,) Q,Z)dmw|<c|hk:” Z|W NT "SE, | ||W.n||

N ann 11—« N .
< Cse ||hk” Z| Wn’J a < (Ce ||hk:||3017

by Lemma with ¢ = 1 — . Similarly, (£"hg). is a Cauchy sequence in B,, and so must converge
0 (L")(1h) == L"v(1gs ). Then by Lemma we have |L"v(S2, )| < Cy||v[|sc®. But since
L"v = 2"v for some z € C, |z| = 1, we have the same bound for v(S%, ). The bound for v(S;.)
follows since T"SH® = SH for each n > 0. O

Since the spectrum outside the circle of radius ¢ < 1 consists of only finitely many eigenvalues
of finite multiplicity and there are no Jordan blocks, the limit

lim — Z e 2mitk ok — (5.3)

n—oo N

is well-defined in the uniform topology of L(B,B).

Further information about the measures corresponding to the peripheral spectrum of £ can be
proved using similar techniques as in Lemma [5.1} In other words, they are proved using properties
of the Banach spaces we have defined without relying on specific properties of the billiard map.
We summarize these results in our next lemma, which we state without proof since the proof can
be found in [DL, Lemmas 5.5 and 5.7].

Recall that an ergodic invariant probability measure v is called a physical measure if there
exists a positive Lebesgue measure invariant set B,,, with v(B,) = 1, such that, for each continuous
function f,

lim —Zf (T'z) =v(f) Yz € B,.

n—oo n

Lemma 5.2. (i) There exist a finite number of q; € N such that the spectrum of L on the unit

;P
circle is Uk{e2mqk :0 <p<qg p € N} In addition, the set of ergodic probability measures
absolutely continuous with respect to [ form a basis of V.

(i) T admits only finitely many physical probability measures and they belong to V.

(11i) The ergodic decomposition with respect to Lebesgue and with respect to i coincide. In addition,
the ergodic decomposition with respect to Lebesgue corresponds to the supports of the physical
measures.

The only properties of T' that are used in the proof of the preceding lemma in [DL] are the
invertibility of 7" and the items in Lemma

At this point it is useful to invoke some well-known facts about the Lorentz gas that simplify the
spectral picture greatly. Recall that T has a smooth invariant measure du = p dm where p = ccosp
and c is a normalizing constant. Since p € C'(M), we have u € B. So by Lemma (iii), W is
absolutely continuous with respect to & and since the support of u is all of M, it must be that

p=Ti.
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Now the ergodicity and mixing properties of T imply that the peripheral spectrum of £ consists
of just the simple eigenvalue at 1 with p as its unique normalized eigenvector. Thus the spectral
projectors Ily are all zero except for IIy which can be recharacterized by Ilgh = lim, o £L"h. It
thus follows that any probability measure v € B satisfies Ilgpr = p and this convergence occurs at an
exponential rate given by the spectral radius of £ —IIp on B. This proves item (1) of Theorem [2.5

5.2 Statistical Properties

We prove items (2) and (3) of Theorem Given ¢ € CY(M), v > 28 and ¥ € CP(W?), we define
the correlation functions by

Cop(n) := (@ o T") — (@) ().

Define 14 = ¢p. Since ¢ cosp € CV(M), by Lemma we have g € B. Thus by Theorem [2.5(1),
Moty = ()t and so

u(@1p o T) = p(@) ()| = [(L7 g — p(@) ) () < CIL g — (@)l (|9 ]o0 + HE ()

and again the exponential rate of convergence is given by the spectral radius of £ — Iy on B as in
item (1). Item (2) of Theorem follows by noting that ||uells < C|d|cv(ar) by in the proof
of Lemma 3.7
If we assume ¢, 1) € CP' (M), where p' > max{p, 23}, we can define the Fourier transform of the
correlation functionﬂ
Cou(2) = 2"Cyy(n).
ne”L
The importance of this function stems from the connection between its poles and the Ruelle reso-
nances, which are in principal measurable in physical systems, [Rull, Ru2, [PP1l [PP2] [L.2].

Given the spectral picture we have established, it follows by standard arguments (see for example
[DLl, Section 5.3]) that the function is convergent in a neighborhood of |z| = 1 and admits a
meromorphic extension in the annulus {z € C: 0 < |z| < 07!} where o is from (2.7)). It follows
that the poles of the correlation function are in a one-to-one correspondence (including multiplicity)
with the spectrum of £ outside the disk of radius o. This is item (3) of Theorem

6 Proofs of Limit Theorems

In this section, we show how Theorem follows from the established spectral picture. Choose
v = max{p, 20 + ¢} for some € > 0. Let g € CY(M) and define S,g = Z?;& goT7. We define the
generalized transfer operator £, on B by, Lyh(1)) = h(e91 o T) for all h € B. It is then immediate
that

Lyh(y) = h(e594) o T™), for all n > 0.

The main element in the proofs of the limit theorems is that £.,, z € C, is an analytic perturbation
of L = Ly for small |z|.

Lemma 6.1. For g € CP(M), the map z — L4 is analytic for all z € C.

"Here we need that g := ¢p € B and uy := u belongs to the corresponding space of distributions for 771,
which, given the invertibility of T, is simply B with the roles of W* and W*" reversed.
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Proof. The lemma will follow once we show that our strong norm || - ||z is continuous with respect
to multiplication by e*9. We will prove that for h € B and f € C"(M), [|[hf|s < C|flercanl|Pl5
for some uniform constant C'. Then defining the operator P,h = L(g"h), h € B, the claim implies
that

1Pu(R)lls = 1£(g" M)z < CILI 1hllB 19" |er(ary

which allows us to conclude that the operator y_° %PR is well-defined on B and equals L., since

> Sk = h (Z ia”on) — h(e) = Logh(9), for 1 € COOV),
n=0 n=0

once we know the sum converges. We proceed to prove our claim.
By density, it suffices to prove the claim for A € C*(M) and f € C7(M). By Lemma hf e B.
To estimate the strong stable norm of hf, let W € W* and ¢ € C4(W) with |¢|wq,q < 1. Then

/W hf dmw < ||blls|W]* cos W| fleaqw)lleawy < [1Rls| fleaqmy-

Next we estimate the strong unstable norm of hf. Let ¢ < gy and choose W1, W € W?* with
dys (W1, Wa) < e. For £ = 1,2, let 1y € W, with [¢]cow,) < 1 and dy(¥1,92) < e. We must

estimate

/W hfddmy — [ hf by dmy.

Wa

Recalling the notation of Section we write Wy = Gw,(Iw,) = {(r, pw,(r)) : v € Iw,} and let
I = Iy, N Iyy,. Then,

dg(f1, fb2) = [(fY1) 0 Gwy — (fi2) © Gwslea(r
< |f o Gwylea(ndq(1,¥2) + |2 © Gwylea(n | f © Gwy — f o Gwylea(n-
The first term above is bounded by C|f|ca(y,)e by assumption on 1 and vz, where C' depends
only on the maximum slope in C°(z). Similarly, |2 o Gw,lca(r) < Clvb2|camy)-
For r € I, we have d(Gw, (1), Gw,(r)) < e by definition of dyys(-,-). Thus |f o Gw,(r) — f o

Gw,(r)| < |fler(ane®?, and so by the proof of Lemma we have [f o Gw, — f o Gw,lcery <
| fler(ar)P~%. Putting these estimates together yields,

dg(fih1, fib2) < C|f|cp(M)€p7q.

Since p — ¢ > B and p > ¢, we may thus estimate,

e’ ‘/w hfirdmw — [ hf o dmw‘ < CllAllul flerary,
1

Wa
which completes the estimate on the strong unstable norm and the proof of the lemma. ]

With the analyticity of z — L., established, it follows from analytic perturbation theory [Ka]
that both the discrete spectrum and the corresponding spectral projectors of L., vary smoothly
with z. Thus, since £y has a spectral gap, then so does L., for z € C sufficiently close to 0.

Proof of Theorem [2.6(a). We follow [RY], making necessary modifications to generalize to non-
invariant measures v € B. (See also [DI.)
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Let v € B be a probability measure. Assume |z| is sufficiently small so that £., has a spectral
gap. Let )\, be the eigenvalue of maximum modulus and denote by II), the associated eigenpro-
jector. Since ITy,v(1) = 1 and the spectral projectors vary continuously, we have II, v(1) # 0 for
z sufficiently small, say |z| < 7 for some v > 0. We define the moment generating function ¢(z) by

q(z) == nh_}rgo % log v(e*5n9) = nh_)rglo % log £7,v(1) = log A,
where the second and third equalities follows from the spectral gap of L., and the fact that
IT),v(1) # 0. Notice that ¢(z) is independent of v and is analytic in |z| < 7.

Let ¢2 denote the limit of the variance of n=1/2S,,g as n — oo where {go Tk}jeN is distributed
according to the invariant measure p. (Such a ¢ exists and is finite whenever the auto-correlations
Cy 4(k) are summable). One can show as in [RY], Theorem 4.3] that in fact ¢'(0) = u(g), ¢"(0) = ¢>
and q is strictly convex for real z whenever ¢2 > 0.

Now let I(u) be the Legendre transform of ¢(z). Then it follows from the Gartner-Ellis theorem
[DZ] that for any interval [a,b] C [¢'(—7), ¢ (7)] and for any probability measure v € B, we have

1 1
lim —1 M:— b] | =— inf [
Jim = log v <ﬂ: € M: —Sng(z) € [a, ]> nf (w),
which is the desired large deviation estimate with uniform rate function 1. O

Proof of Theorem [2.6(b). We assume 11(g) = 0 and distribute (go7V);cn according to pu. As above,
let ¢2 denote the variance of n='/28,,g as n — co. We consider purely imaginary z = it with |t| < .
Since L4 depends analytically on z, it follows from standard perturbation theory that the leading
eigenvalue of L4 is given by 1 — # +O(#3) for |t| < 7. It then follows using the weak dependence
of g o T7 that,
. it . §2t2 " 242

lim u(e Zﬁs"g) = lim (1 — > =e S t/2

n—00 n—00 2n
which is the Central Limit Theorem.

The extension to non-invariant probability measures follows easily as well. Let v € B be a
probability measure. We still require p(g) = 0, but now distribute (g o T')jen according to v. As
j goes to oo, the asymptotic mean is v(g o T7) = LIv(g) — u(g) = 0 and the asymptotic variance
is still ¢ as above. At this point, there are a variety of references at our disposal, but we choose
to cite [G] as a recent work since it proves both the Central Limit Theorem and the almost-sure
invariance principle using spectral methods.

Since the transfer operator L;z, codes the characteristic function of the process (g o 77) in the
sense of [G, Section 2.1], i.e. v(e”®99) = L,v(1), and we have proved that L, satisfies the
assumptions of strong continuity in [G} Section 2.2], we may apply [G, Theorem 2.1] to conclude
that ﬁsng converges in distribution to a normal random variable with mean 0 and variance ¢2,

as required. O

Proof of Theorem ( ¢). The almost-sure invariance principle follows from the analyticity of the
map z — L4 and the resulting persistence of the spectral gap in a neighborhood of the origin,
similar to the proofs of the previous two limit theorems. Indeed, the invariance principle holds
under much weaker conditions than those present here. As in the proof of (b), noting that we
have proved our operators L;;, satisfy the assumptions of strong continuity in [Gl Section 2.2], we
may apply [Gl Theorem 2.1] to conclude the almost-sure invariance principle in the context of the
functional analytic framework we have constructed here. O
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A Distortion Bounds

The following are distortion bounds used in deriving the Lasota-Yorke estimates which hold for
the Lorentz gas with both finite and infinite horizon. There exists a constant Cy > 0 with the
following properties. Let W’ € W? and for any n € N, let z,y € W for some connected component
W < T7"W’ such that T'W is a homogeneous stable curve for each 0 < i < n. Then,

| DT" ()]

Jw T (z)
|DT™(y)|

—1' < Cydw(z,y)"*  and ‘JWT"(y)

—1‘ < Cadw (z,y)"/*. (A1)
In particular, these bounds imply that |[DT"|"cey < Cal|[ DT eoqwy and [JwT™|cowry <
CalJwT" |coqwy for any 0 < p < 1/3.

The second inequality in (A.1]) is equivalent to (3.1) and is a standard distortion bound for

billiards (see [BSCIl, BSC2] or [Ch2] for both the finite and infinite horizon cases). In the proof of
the distortion bound, the main idea is to prove that along a stable curve W € W?*, for any z,y € W

d(z,y)

£y .
ol < () (A2)

which follows from the definition of the homogeneity strips Hy and the uniform transversality of
the stable cone to horizontal lines. Indeed the first inequality of (A.1l) directly follows from the
estimate (A.2)). More precisely, for any x,y belonging to a stable curve W,

‘ln |DT(x) _ ‘ln cos ¢() +1n & o(Ty)
DT (y)| cos w(y) cos p(Tx)

cos cp(x) 2 cos go(Tx)

where C1, Cy, C are positive constants and we used the hyperbolicity in the last inequality.
By an entirely analogous argument (due to the time reversibility of the billiard map), if W € W*
is an unstable curve such that T*W is a homogeneous unstable curve for 0 < i < n, then for any
x,y € W,
‘ | DT ()]
| DT (y)]

In Section we will need to compare the stable Jacobian of T" along different stable curves.
For this, the following distortion bound is essential. Let W', W? € W?* and suppose there exist
Ut c T="W*, ¢ = 1,2, such that T°U" is a homogeneous stable curve for 0 < i < n, and U' and
U? can be put into a 1-1 correspondence by a smooth foliation {7, },c;1 of curves 4, € W* such
that {T™7,} C W creates a 1-1 correspondence between T"U! and T"U?. Let J;0T™ denote the
stable Jacobian of T™ along the curve U*. Then for z € U!, Z € v, N U2, we have

—1' < Cud(T™z, T™y)Y3, (A.3)

T T (z)
Ji2Tr(Z)

- 1‘ < Cd(T"z, T"E) 3 + Cof (T, T" ), (A.4)

where 0(T"z, T"Z) is the angle formed by the tangent lines of T"U! and T"Us at T"z and T"Z,
respectively.

This distortion bound is proved as part of [Ch2, Theorem 8.1] (see also [CM, §5.8]). We explain
the argument briefly, modifying the notation as necessary since the proof in [Ch2] is written for
unstable curves mapped by 1" while we need these bounds for stable curves mapped backwards by
T~!. In addition, the time reversal of the setup in [Ch2] would have x and Z lying on the same
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unstable manifold, while in our setting, x and Z just lie on a common unstable curve. The reason
these estimates hold is because we are able to choose our foliation {7, } after fixing n.

We relabel T"U! = V1, T"U? = V? and {w.},cvr = {T"Va}zcut, with the identification
z=T"z. Forany z € V!, 2 € w.NV? and i = 0,--- ,n, we denote Vf =TVt ¢ =1,2 and
2z =T 2, z; = T~'z. By [Ch2l eq (8.6)], we have
JVilel(zi)

,l .
nm SC(P5+1+01+9i+1+pi), i=0,1,....n—1,

1

where C' is a uniform constant, p; = [T 'w,| and 6; is the angle made by the tangent lines of V;!
and ‘/;2 at z;, z;, respectively.

It is important for the uniformity of this estimate that w, = T™(yp-n,) so that T %w, remains
in W* for each i = 0,1,...,n. In addition, it is a consequence of [Ch2| eq (8.9)] that

0; < C(p[)iAii + 90A7i). (A5)

Combining this with the fact that p; < CpgA~* due to uniform hyperbolicity, we get
F . ,
|In Jy1 T (2) — InJy2T71(Z)| < const. <p§ A3 4 poiA = 4 HOA_Z> :

Summing over i = 0,...,n — 1, we obtain (A.4) with x =T "2,z = T "z.
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