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Abstract

In this paper we study closely Yoneda’s correspondence between short exact se-
quences and the Ext! group. We prove a main theorem which gives conditions on
the splitting of a short exact sequence after taking the tensor product with R/I, for
any ideal I of R. As an application we prove a generalization of Miyata’s Theorem
on the splitting of short exact sequences and we improve a proposition of Yoshino
about efficient systems of parameters. We introduce the notion of sparse module and
we show that Ext}%(M , N) is a sparse module provided that there are finitely many
isomorphism classes of maximal Cohen-Macaulay modules having multiplicity the
sum of the multiplicities of M and N. We prove that sparse modules are Artinian.
We also give some information on the structure of certain Ext! modules.
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1 Introduction

Let R a Noetherian ring and M and N finitely generated R-modules. If ] C R
is an ideal and « : 0 - N — X — M — 0 is a short exact sequence, we
denote by a ® R/I the sequence 0 — N/IN — X/IX — M/IM — 0.

In the first part of this paper we prove the following:

Theorem 1.1. Let R be a Noetherian ring. Suppose o € I Exty(M, N) is a
short exact sequence of finitely generated modules. Then o ® R/1 is a split
exact sequence.

An immediate corollary is an extension of Miyata’s theorem [1], which gives a
necessary and sufficient condition on the splitting of short exact sequences:
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Theorem 1.2. Let R be a Noetherian ring. Let « : 0 — N — X, — M — 0
and 3 : 0 = N — Xg — M — 0 be two short exact sequences. If X, 1is
isomorphic to X5 and 3 € I Extp(M, N) for some ideal I C R, then a ® R/I
18 split exact.

In the second part of the paper, we give some applications of Theorem 1.1
to efficient systems of parameters and, more in particular, to the structure of
Exty(M, N) for rings of finite Cohen-Macaulay type.

Recall that a finitely generated R-module is said to be maximal Cohen-
Macaulay if the depth(M) = dim(R). We also say that R has finite Cohen-
Macaulay type if there are a finite number of isomorphism classes of inde-
composable maximal Cohen-Macaulay modules. Auslander [2] proved that if
R is a complete local ring of finite Cohen-Macaulay type then the length of
Exty (M, N) is finite, where M and N are maximal Cohen-Macaulay modules.
Recently, Huneke and Leuschke [3] generalized this theorem to the non com-
plete case. A different proof is given as an application of Theorem 1.1.

In section 4 we introduce the notion of sparse modules. More specifically, sup-
pose that depth R > 1; then we say that a module is sparse if there are a finite
number of submodules of the form zM where x is a non-zero-divisor on R. we
prove several properties for sparse modules. In particular, we show that sparse
modules are Artinian and that Ext},(M, N) is sparse if M and N are maximal
Cohen-Macaulay modules over a ring of finite Cohen-Macaulay type.

In the last section, we are able to give more information about the struc-
ture of Extp(M, N). In particular, we give an explicit bound for the power of
the maximal ideal which kills the Ext module, depending on the number of
isomorphism classes of maximal Cohen-Macaulay modules of multiplicity the
sum of the multiplicities of M and N. Our bound improves the one given in
[3]. Finally, we use the developed techniques to show that Ext}(M, N) is a
cyclic module, under certain conditions.

2 Main theorem and Miyata’s theorem

We recall the theorem due to Miyata [1] on the splitting of short exact se-
quences.

Theorem 2.1 (Miyata). Let (R, m) be a local Noetherian ring and let

a:0 N—>X, =M 0

be a short exact sequence of finitely generated R-modules. Then, a is a split
exact sequence if and only if X, and M @& N are isomorphic.

We can further relax the assumptions on « and prove the following:



Lemma 2.2. Let (R, m) be a local Noetherian ring and let a be the following
exact complex of finitely generated R-modules:

N——>X,—">M 0

If X, is isomorphic to M & N then « is split exact.

Proof. By Theorem 2.1, it suffices to prove that ¢ is an injective map. By
way of contradiction, suppose that there exists an element ¢ # 0 such that
¢ € keri. Choose n such that ¢ ¢ m"N. Then we have the exact sequence

0—>C—>N/m"N —> X, /m"X,—"> M/m"M —=0,

where C'is the kernel of i ® R/m". By the assumption on n, C' is not the zero
module because the equivalence class of ¢ belongs to it. If A denotes length,
we have the following contradiction:

AMXo/m"X,) < M X,/m"X,) + A(C)
= AN/m"N) + A(M/m"M), from the exact sequence &,
= \MX,/m"X,), from X, = M & N.

O]

Lemma 2.3. Let R be a Noetherian ring and let a be the following short exact
sequence:

a: 0—=N—t=X,~L>M—0.
Denote by C' the tmage of the connecting homomorphism J, obtained by ap-
plying the functor Homg( ,N) to a:

+o——>Homp(Xa, N) —L=Homp(N, N)—2=Exth (M, N)L- .

Then, « is a split exact sequence if and only if C' = 0.

Proof. Suppose C' = 0. Since o = 6(idy), @ = 0 in Ext}(M, N) and hence «
is a split exact sequence.

On the other hand, if « is a split exact sequence then there exists an R-
homomorphism f’: X, — N, such that f'f =idy. To prove the lemma, it is
enough to show that the map f*: Hom(X,, N) — Hom(N, N) is a surjective
map. For, if [ € Hom (N, N) we have [ = f*(If"). O

Recall the following result (see [4], [5], [6],[7],[8]):



Proposition 2.4. Let (R,m) be a local Noetherian ring and let M and N
two finitely generated R-modules. Denote by A(—) the length of a R-module.
Then, the following are equivalent

(1) M= N,
(2) AM(Hompg(M, L)) = A(Hompg(N, L)), for all modules L of finite length,
(3) MM ®@r L) = AM(N ®g L), for all modules L of finite length.

We are now ready to give the proof of Theorem 1.1.

Proof. (Theorem 1.1). We first show that it is enough to prove the local state-
ment. Assume that the local version of the theorem holds. If

0 0—=N—LsX, 2= —>0

is a short exact sequence in I Extp(M,N) then a/1 € Extp (Mm, Ny) is
given by the sequence

oz/l:O—>Nmf—/l> am YL Mo 0,

for any maximal ideal m. Let C' be the kernel of f ® idg/;, then Supp(C) C
V(I). Let m € V(I). o € I Extp(M, N) implies /1 € IRy Ext, (Mm, Nm)
and therefore a/1 ® Ry, /IRy is a split exact sequence. In particular,

Cm = ker(f ®idg/1)m = ker(f/1 ® idg,,/1r,,) = 0,

proving that a® R/I is a short exact sequence. We need to show that a® R/I
is actually a split exact sequence. By Lemma 2.3, it is enough to prove that
Image(d) = 0, where ¢ is the connecting homomorphism:

Homp(N/IN, N/IN)—*~ExthL(M/IM,N/IN).

Call C' = Image(d), again Supp(C') C V(7). Let m any maximal ideal in V' (1),
then Cy, = Image(d/1), where §/1 is the connecting homomorphism:

Hom gy, (N /I Ny Nen/ I Nen) L Fxctly, (M /T M, Nen /T Nin).-
But, by Lemma 2.3, Image(d/1) = 0 since a/1 ® Ry, /IRy, is a split exact
sequence. Therefore, Cy, = 0 for any m € V(I), which implies that C' = 0.

We may assume (R, m) is a local Noetherian ring. By Lemma 2.2 it is enough
to show that X, /I X, ~ M/IM @& N/IN.
Let

F2 da Fl di FO do M 0

be part of a minimal resolution of M over R, and let L C Fj be the kernel of
do. Following Yoneda’s correspondence (see [9], page 652-654), there exists a



U € kerd} C Hompg(Fy, N) which induces a map ¢ from L = kerdy to N in
such a way that « is the pushout of the following diagram:

£:0 TiFOdOM 0
a0 N—tox, 9o 0,

where i is the inclusion. Since « is an element of I Ext},(M, N), we can choose
U € I Hompg(Fy, N), which implies that ¢)(L) C IN. Denote by v, the follow-
ing exact sequence:

Ve 0— 1" W Ep e N—"s X, — 0.

Let €2 be a finitely generated module of finite length such that /2 = 0. Tensor
both the sequences ¢ and v, with {2 and set

Image, = (i ®p id)(L ®@g ),

ImageQ = (Z KRR ld, —Q/J XR 1d>(L KR Q)
Since Image (1)) C IN, it follows that Image, = Image, C Fy ®g 2.

If Ar(M) denotes the length of an R-module M, we have:
)\R(on ®R Q) = )\R(FO ®R Q) + )\R(N ®R Q) — )\R(ImageQ)

=Ar(M ®@r Q) + Ag(Image,) + Ap(N ®@r Q) — Ag(Image,)
=Ar(M @ Q) + Ar(N @R Q).

Notice that if Y is any R-module, which is also an R/I-module, then we have
Ar(Y) = Agy1(Y). Therefore, the equality above says:

Art(M/IM ®g Q) + Ag/i(N/IN ®@r Q) = Ag/1(Xo/I1 X0 ®r Q).

Since in this equality we can choose any R/I module of finite length Q, by
Proposition 2.4, we have :

M/IM & N/IN = X, /IX,,.

As a corollary of the theorem we can prove 1.2:



Proof. (Theorem 1.2). Since 8 € IExtp(M, N), Theorem 1.1 implies that
Xp/IXg~ M/IM @& N/IN and hence X, /IX, ~ M/IM @ N/IN. Applying
Lemma 2.2, we have that a ® R/I is split exact. 0

If the ideal I is the zero ideal Theorem 2.1 is recovered.

Another corollary of Theorem 1.1 is the following proposition, which we will
use later.

Proposition 2.5. Let (R,m) be a local Noetherian ring. Consider the short
exact sequence o : 0 — N — X, — M — 0, and let My the first syzygy of M
in a minimal free resolution. Assume that Extp(Xa, My) = 0. If a is not the
zero element in Exty(M, N), then « is a minimal generator of Extp(M, N).

Proof. By way of contradiction, assume o € m Exty(M, N). By Theorem 1.1,
a ® R/m is a split exact sequence and therefore

p(M) + p(N) = p(Xa).

On the other hand, if 0 - M; — F — M — 0 is the beginning of a minimal
free resolution for M, there exists an R-homomorphism ¢ : M; — N such that
X, is the cokernel as in the following short exact sequence:

3:0— =M " 2peN—~X, >0,

where 7 is the inclusion. Since Ext}%(Xa, M) = 0, (3 is a split exact sequence
and X, @ M; = F @& N. Therefore we have the following contradiction:

u(M) + p(N) = p(Xa) < p(Xa) + p(Mi) = p(F) + p(N) = p(M) + p(N).
0

Remark 2.6. The same conclusion of Proposition 2.5 holds if we assume Extg(X,, N) =
0 instead of Extp(X,, M;) = 0.

The converse of Theorem 1.1 does not hold as the following example shows.

Example 2.7. Let R = k[|2%, 2%|]. Every non-zero element o € Extp(k, R) is
a minimal generator and hence is not in m Ext}(k, R).

Let « be the short exact sequence as in the following diagram:

0 m— 0
el
(6% O R 07




where 1) is the R-homomorphism sending 22 to 2° and 2® to 2* and P is the
pushout. The short exact sequence « is not split exact because there is no map
from R that extends ¢, hence « is not in m Ext'(k, R). On the other hand,
the minimal number of generators of P is 2 and hence P/mP ~ k @ k.

However we can prove a converse of Theorem 1.1 in the following sense:

Proposition 2.8. Let M and N be finitely generated R-modules, let y € R
be a non-zero-divisor on R, M, N and let a be the short exact sequence

0 N Xa M 0.

Suppose that X, /yXe ~ M/yM @ N/yN. Then o € yExty(M, N).

Proof. Since y is a non-zero-divisor on N we have the following exact se-
quences:

0 N4> N—">N/yN —=0,
and, by applying the functor Homg(M, ),

.o ——>Exth(M, N)—2=ExthL (M, N) —=>ExthL(M, N/yN) —- - --

By exactness, to show that a € yExtp(M, N), it is enough to show that
™(a) = 0.

Denote by ¢ : Extyp(M,N/yN) — BExti(M/yM,N/yN) the isomorphism
that takes a short exact sequence f: 0 — N/yN — Y — M — 0 to the
short exact sequence f®@ R/yR: 0 — N/yN — Y /yY — M/yM — 0 (which
is exact since y is a non-zero-divisor on M). Since 7*(a) is 0 — N/yN —
Xo/yf(N) — M — 0, ¢7*() is the short exact sequence:

a®R/yR:0——N/yN — X, /yXo,— M /yM —0,
which is split exact. Hence, 7*(a) = 0. O

Question 2.9. Let (R,m) a Cohen-Macaulay local ring. Let M and N be
finitely generated maximal Cohen-Macaulay modules over R and let x, ..., x,
be a regular sequence on R. Let a € Ext}z(M , ) be a short exact sequence.
Is it true that

a® R/(xq,...,x,) s split exact

if and only if
o € (z1,...,7,) Extyp(M, N)?

In the remainder of this section we present another proposition on the anni-
hilator of short exact sequences, which we will use later.



Let o and ( will be the following two short exact sequences:

Assume X, = Xj. It follows from Miyata’s theorem that Rad(Ann(a)) =
Rad(Ann(f3)). The following example, due to Giulio Caviglia, shows that
Ann « and Ann  do not have the same integral closure (see exercise A3.29,
page 656, [9]).

Example 2.10. Let a and 3 be the following sequences:
B 0—=Z22@Ly—3>1* &Ly & Ly—5=L1® Ly ® Ly—0,

where aq(z,y,2) = (4z,y,22,0) and [i(z,y,2) = (2x,2y,0, z). Notice that
B = B1 @ Po @ (o, where 3 is the split exact sequence 0 — Zo — Zoy @
Zy — Z4 — 0 and (3, is the generator of Ext}(Zsy, 7). The annihilator of
[ is therefore 2Z. On the other hand « is the direct sum of the split exact
sequence 0 — Z — Z @ Zy — Zy — 0 and the generators of Exty(Z4, Z) and
Ext}(Zy, Zy). Therefore Ann(a) = 47Z.

Proposition 2.11. Let o and § be two short exact sequences in Ext}%(M, N
with middle modules isomorphic to X. If Exth(X,N) = 0 then Ann(a) =

Ann(p).

Proof. Applying the functor Hompg( , N) to the short exact sequence «, we
get the exact sequence Homg(N, N) — Extp(M, N) — 0. Therefore there
exists a homomorphism ¢ € Homg(N, N) such that 3 € Extp(M, N) is the
pushout of ¥ as in the following diagram:

- T)f | O
3:0 N x M ,

¢ induces a homomorphism 1* : Extp(M, N) — Exth(M, N) taking o to 3,
which implies that Ann(«) C Ann(3). Since we can switch the role of a and
(3, we have the thesis. O



3 Applications
3.1 Efficient systems of parameters

Recall the following definition:

Definition 3.1. A system of parameters zy,...,z, is an efficient system of
parameters if for any ¢ = 1, ..., n there is a regular subring T; of R over which
R is finite and such that z; belongs to the Noetherian different J\/’YB

The proofs above can be used to give an improvement of the following propo-
sition 6.17 in [10]:

Proposition 3.2. Let x = {x1,...,x,} be an efficient system of parameters.
Leta:0— N — X — M — 0 be a short exact sequence of mazximal Cohen-
Macaulay modules. Denote by x* the ideal generated by z%,...,x% and let &
be the short exact sequence 0 — N/x*N — X/x*X — M/x*M — 0. If & is
split exact then « is split exact.

We can substitute x? simply by x and prove the following Proposition:

Proposition 3.3. Let x = {x1,...,x,} be an efficient system of parameters.
Let o : 0 — N — X — M — 0 be a short exact sequence of maximal Cohen-
Macaulay modules and let & be 0 — N/xN — X/xX — M/xM — 0. If & is
split exact then « s split exact.

Proof. Denote by x; = {z1,...,z;} and by «; the following short exact se-
quence:

0——=N/x;N — X/x; X —= M /x; M —0.

We will show by descending induction on ¢ that «; is split exact. The case
1 = 0 will give the thesis of the improved Proposition 3.3. The assumptions
says that «,, is a split exact sequence, which is the case i = n. Suppose that
the case ¢ = k is true. Then, by Proposition 2.8,

ap_1 €z BExtyy,  p(M/xp 1M, N/xx_1N) ~ 23 Extp(M, N/x,_1N).

By definition of efficient systems of parameters, there exists a regular subring
Sk such that the extension S, C R is finite and z; is in N, é‘i’ the Noethe-
rian different. By a result proved by Wang ([11], Proposition 5.9), we have
that N& Ann(Extg (M, N/x;-1N)) C Ann(Extp(M, N/xz_1N)). But M is a
free S,—module so that Ann(Extg (M, N/xz_1N)) is the unit ideal of Sj, and
hence ), € Ann(Ext},(M, N/x;_1N)), which implies that ay_; is a split exact
sequence. [



3.2 Rings of finite Cohen-Macaulay type

Let us study the structure of the Ext modules and then prove some applica-
tions for rings of finite Cohen-Macaulay type. Assume that (R, m) is a local
Noetherian ring. First of all we need some notation. For every short exact
sequence a € ExthL(M, N) denote by X, the middle module. For every finitely
generated R-module X, denote by [X] the isomorphism class of X and define
the following set

Ex ={a € Exty(M,N) | X,=X}. (1)
For every y € m, define
S, ={[X] | Ja€yExtzp(M,N) and X = X,}. (2)

Lemma 3.4. Let (R, m) be a local Noetherian ring. Let y be a non-zero-divisor
on M, N and R. Then, with the above notation,

yExth(M,N)= |J E
[X]eSy

Proof. The fact that y Ext,(M, N) C Uxjes, Eix), follows immediately from
the definition of the sets §,. For the other direction, all it is to prove is that
if Ejx) NyExtp(M,N) # then Ejx) C yExty(M,N). For it, let o € Ejx N
yExtp(M,N) and 8 € Ejx). By Theorem 1.2, 3 ® R/(y) is a split exact
sequence and, by Proposition 2.8, § € yExt};i(M, N), proving the lemma. [

Theorem 3.5. Let (R, m) be a Cohen-Macaulay local ring. Assume dim R > 1
and let M and N be two finitely generated maximal Cohen-Macaulay modules
over R. Assume that there are only finitely many isomorphism classes of mazx-
imal Cohen-Macaulay modules of multiplicity the sum of the multiplicities of
M and N. If h is the number of such isomorphism classes, then there are at
most 2" submodules of the form x Extp(M, N), where x is a non-zero-divisor

on R.

Proof. Let Xi,..., X} be representatives for the isomorphism classes of all
the possible modules that can fit in the middle of a short exact sequence in
Exty(M,N). Let y € m but not in the union of the minimal primes of R.
Consider the module z Extp(M, N). By Lemma 3.4, we have

y Extp(M, N) U Eix.
[(X]eSy

Since there are at most h modules that can fit in the middle of a short exact
sequence in Extp(M, N), there at most 2" different subsets of {Xi,..., X}
and hence at most 2" different sets S,, proving the theorem. m
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We can apply this theorem to the theory of rings of finite Cohen-Macaulay
type. Recall that a Noetherian local ring (R,m) is said of finite Cohen-
Macaulay type if there are only a finite number of classes of non-isomorphic
maximal Cohen-Macaulay modules. As a corollary of 3.5 we can give a different
proof of the following theorem due, in this generality, to [3]:

Theorem 3.6. Let (R, m) be a Noetherian of finite Cohen-Macaulay type and
let M, N two maximal Cohen-Macaulay modules. Then there exists a t such
that m! Exty (M, N) = 0.

Proof. If the dimension of the ring R is zero, then there is nothing to prove.
Suppose that dim(R) > 1. Assume, by way of contradiction, that the maximal
ideal m is not the radical ideal of Ann(Exty(M, N)). By prime avoidance, we
can pick an element x in the maximal ideal but not in the union

Amn(Extp(M,N)u |J P
PeAss(R)

Let h be the number of isomorphism classes of modules that can fit in the
middle of a short exact sequence in ExtL(M, N). By Theorem 3.5, there exist
i < j < 2"+ 1 such that 2/ Exty(M,N) = 2/ Exty(M, N). By Nakayama
Lemma, 7’ Ext,(M, N) = 0, showing a contradiction. O

We can actually give a bound for ¢ in terms of the number of possible maximal
Cohen-Macaulay modules that can fit in the middle of a short exact sequence
in Exty(M, N), improving the bound of [3]. For this, see the last section.

4 Sparse Modules

Theorem 3.5 motivates us to make the following definition:

Definition 4.1. Let (R,m) be a Noetherian local ring of depth at least 1.
Let M a finitely generated R-module. M is said to be sparse if there is only a
finite number of submodules x M, where x € R is a non-zero-divisor of R.

Remark 4.2. Notice that sparseness is closed under taking direct sums and
moreover the quotient of a sparse module is sparse. On the other hand, a
submodule of a sparse module does not need to be sparse.

Example 4.3. Let R = k[|z, y|], with k infinite. Let M be the cokernel of the
following map:

R4LR2*>O
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where (3 is given by the following matrix:

0z 0 y?

ryy: 0

Notice that m?M = 0. The only submodules of the form [M with [ € m
are tM and (z + y)M. Let N = Rm; be the generator of M corresponding
to (1,0). Notice that mN is a two dimensional vector space and therefore it
cannot be sparse.

Proposition 4.4. Let (R, m) be a local Noetherian ring of positive depth and
let M be a finitely generated R- module. If M is sparse then M is Artinian.

Proof. Choose x1,...,x, to be the generators of the maximal ideal m in such a
way that z; is a non-zero-divisor of R for any ¢ = 1, ..., n. For each ¢, consider
the modules M. Since z! is a non-zero-divisor for any h and since M is
sparse, zi'M = z["M for some m > n. By Nakayama’s lemma, this implies
that 2]’ M = 0. It follows that M is Artinian. O

Let us suppose that the ring contains the residue field k, which we assume to
be infinite.

Proposition 4.5. Let (R,m, k) be a local Noetherian ring of positive depth
and with infinite residue field. Suppose M is a finitely generated R-module. If
M s sparse then there exists an element | € m such that mM = [M.

Proof. Since M is sparse, we can list the all possible submodules of the form
x M, where x is a non-zero-divisor. Let the list be [y M, ..., [, M. Let x4,...,x,
be a set of minimal generators of the maximal ideal. Choose n vectors with
entries in k& which are linearly independent. Say s’ =< s%,...,s! >, for i =
1,....,n. For any i > n choose a vector s* which is linearly independent with
respect to any subset of n — 1 vectors s’, i € {1,....i — 1}. For i = nh + 1,
there exists a 7, 1 < j < h, and a sequence of n linearly independent vectors,

st ... s such that
n .
(> sfan)M = [;M,
h=1

for any g = 1,...,n. Without loss of generality we may assume that j = 1 and
{s", ..., s }={s',...,s"}. Since s', ..., s are linearly independent, u; = 3 s}z
for j = 1,...,n, are a minimal system of generators for the maximal ideal. We
claim that mM = [M. For, it is enough to show that uM C (M, for any
uvem. If u= fiu; + ... + fou, € m then uM C uyM + ... + u, M =IM. [

Corollary 4.6. Let (R,m, k) be a local Noetherian ring of positive depth and
with infinite residue field. Let M a finitely generated sparse R-module. Denote
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by p the minimal number of generators. Then u(m*M) < u(M), for any
k> 0.

Proof. By Proposition 4.5, for any integer h, we have that m"M = [" M, from
which the proposition follows. O

Suppose that R is a standard graded ring over k. Assume k is infinite and R
has depth at least one. Let M be a finitely generated graded R-module. Then,
we can formulate the following:

Definition 4.7. M is said to be homogeneously sparse if there are a finite
number of submodules M where x € m is a homogeneous non-zero-divisor

of R.

Question 4.8. In the case of graded modules over graded ring, being sparse
implies being homogeneously sparse. Is the converse true?

Theorem 4.9. Let R be a standard graded ring over an algebraically closed
field k and assume that Ry is generated by two elements. Let M be a standard
graded module over R. Then, M is homogeneously sparse if and only if M is
Artinian and there exists a linear form | € m such that IM = mM , where m
18 the homogeneous maximal ideal.

Proof. The proof for the “only if” direction is the graded version of Proposition
4.4 and Proposition 4.5. For the other direction, suppose that M is Artinian
and that there exists an [ € m such that [M = mM. Since M is Artinian, it
is enough to show that there are finitely many submodules of the form fM,
where f is a homogeneous polynomial of degree less than d, for some d > 0.
Since k is algebraically closed, any homogeneous polynomial in two variables
can be factored into linear terms; hence it is enough to show that there are
finitely many submodules of the form ¢M, where ¢ is a linear form. Moreover,
since M = & M;, it is enough to show that there are finitely many tM;, where
t is a linear form and M; is the i-th degree component of the module M. It
is enough to show that there are finitely many £ vector spaces of the form
tMy, for t a linear form. Indeed, if we want to show that there are finitely
many tM; for i > 0, replace the module M by the module generated by M;.
Without loss of generality, let Ry be generated by [ and s. Since [IM = mM,
pw(mM) < p(M). Suppose myq, ..., m;, are minimal generators in degree zero,
such that Imy, ..., Imy generate mM. Complete my, ..., m; to a minimal system
of generators of M, my,...,m, say. Let al + 3s be a general linear form. Let
A to be the matrix where the columns are the images in M; of (al + Bs)m; in

13



terms of the Im;, i =1,..., h:

o+ ﬁau 6@12 e ﬁ(llh . ﬁaln
Baz  a+ Bazy ... Pay, ... Bay,
ﬁahl O{—i—ﬁahh... 6a;m

If there are only finitely many («, 3) such that the first h—columns have a
zero determinant, then the module M is sparse. Since the determinant of the
first h-columns is a homogeneous polynomial of degree h in two variables, it
is enough to show that it is not identically zero. But the values « =1, 8 =0
give a non zero determinant. (]

5 Structure of Extj(M, N)

Remark 5.1. By Theorem 3.5, Extllq(M, N) is a sparse module when M and N
are maximal Cohen-Macaulay modules over a ring of finite Cohen-Macaualy

type.

We are ready to improve the bound given in [3] for the power of the maximal
ideal that kills the module Exty(M, N) when R is a ring of finite Cohen-
Macaulay type and M and N are maximal Cohen-Macaulay modules. More
precisely:

Theorem 5.2. Let (R, m, k) be a Cohen-Macaulay local ring of positive depth
and with infinite residue field. Assume, as in Theorem 3.5, that there are only

h isomorphism classes of maximal Cohen-Macaulay modules of multiplicity
the sum of the multiplicities of M and N. Then m" ! Exty(M, N) = 0.

Proof. Let Xi,..., X, &2 M & N be a complete list of representative of iso-
morphism classes of modules that can fit in the middle of a short exact se-
quence in Extp(M,N) and let Ex, the set defined in 1. Suppose by way
of contradiction that m"~* Extp(M, N) # 0. By Theorem 3.5, Extp(M, N)
is a sparse module; hence there exists a non-zero-divisor [ € m such that
m Exty, (M, N) = [ Exty(M, N), by Proposition 4.5. Let S; = {0,1,...,h—1}
and Sy = S1\{0}. Let ¢ a multivalued map from Sy to Sy such that ¢(i) C Ss,
and j € ¢(i) if and only if there exists a minimal generator of m’ Exty(M, N)
in Ex,. If we prove that ¢(i) N ¢(j) = 0 for i < j, we will get a contradic-
tion since the cardinality of Sy is strictly smaller than the cardinality of S;.
Suppose that there exists a t € ¢(i) N ¢(j); then Ex, contains a minimal gen-
erator o of m' Ext},(M, N) = [’ Exts(M, N) and a minimal generator 3 of
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m’ Exty, (M, N) = I’ Extp(M, N). By Theorem 1.1, 3 ® R/I’R is split exact
and, by Theorem 1.2, « ® R/I’R is split exact. By Proposition 2.8,

a € VExth(M,N) =V"""Exty(M,N) C mi’ Extg(M, N),
which contradicts a being a minimal generator of I’ Exty,(M, N). O

Proposition 5.3. Let (R, m, k) be a Cohen-Macaulay local Noetherian ring
of positive depth and with algebraically closed residue field. Let M be a finitely
generated R-module which is mazimal Cohen-Macauly and let My be the first
syzygy in a minimal free resolution of M. Assume that there are only h iso-
morphism classes of maximal Cohen-Macaulay modules of multiplicity the
sum of the multiplicities of M and M, and m"2ExtL(M, M) # 0. Then
Extp(M, M) is the direct sum of cyclic modules.

Proof. Let Xq,..., X, = M@ N be a complete list of representative of isomor-
phism classes of modules that can fit in the middle of a short exact sequence in
Extp(M, N) and let Ey, the set defined in 1. Let , let Sy := {0,1,...,h — 2}
and Sy := {1,...,h — 2}. Moreover, let ¢ : S; — Sy a multivalued map
such that ¢(i) C Sy and j € ¢(i) if and only if there exists a minimal
generator of m’Exty(M,M;) in Ex,. Since the sets ¢(i) are disjoint and
m" 2 Exty,(M, M;) # 0, we have that the cardinality of ¢(i) is one, for ev-
ery ¢ € 8;. In particular, all the short exact sequence, which are minimal
generators for the R-modules m’ Ext},(M, M), have isomorphic modules in
the middle. By Proposition 2.5, the initial part of the minimal free resolu-
tion of M, @« : 0 — M; — F — M — 0, is a minimal generator for the
R-module Extj(M, M;) and hence any other minimal generator of the R-
module Exty (M, M;) belongs to Ey,, where we set X; to be the free module
F.
By Proposition 4.5, there exists an element which is a non-zero-divisor on
R, | € m\m?, such that ("2 Extp(M, M;) = m"2 Exty,(M, M;) # 0; hence
there exists a 3 € E; such that /3 # 0, for j € S,. By Proposition 2.11,
I’y # 0, for every v € By and j € Ss.
Let ay, ..., a, be a minimal set of generators for Exty, (M, M;). We first claim
that for any j € Ss, Pay, ..., a,, are a minimal system of generators for the
modules m? Extp(M, M;). For it, assume there exists a linear combination
S Nlla; = 0, where not all the \; are zero, hence I/(X; A\;a;) = 0. Since
™ \ia; € Ex,, applying Proposition 2.11 we get that l/y = 0 for every
v € Ex,, contradicting the last statement of the above paragraph.
The last step is to prove that we can complete [ to a minimal system of genera-
tors for m, say [, 1y, ..., I, such that [; Ext,(M, N) = 0, for every i = 1,...,n.
For it, we claim that if [,[y,... [, is a system of minimal generators for m,
then there exists a \; € k such that (I; — \;{)y = 0 for every v € Ex, and for
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every 1 = 1,...,n. To prove the claim, notice that the multiplication by [;

Exty (M, M) m Ext (M, M)
_)
mExth (M, M;) — m2Extyp(M, M)’

is a k-linear map between k™. Since k is algebraically closed, there exists an
eigenvalue \; and an eigenvector ;, in particular we can write [;7; = A\;l7;.
This means that (I; — \;l)y; = 0, since y; € Ex,, by Proposition 2.11, we have
(I; = Nil)y = 0 for every v € Ex,. By replacing [; with [; — \;l, we have the
claim.

This shows that we can write Ext,(M, M;) = &, Ra.

]

Remark 5.4. Call M; the modules Ra;. The above proof shows that the Hilbert
function of M; can have just 1 or 0 as possible values. Recall that a module
is called uniserial if there exists a unique composition series. In the previous
Proposition, if R/(ly,...,l,) is a DVR, then the modules M; are uniserial.

Remark 5.5. The above proposition shows that if all the minimal generators
of Extyp(M, N) have a free module in the middle, then Extp(M, N) is direct
sum of cyclic modules.
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